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A Note
on the Automorphic LanglandsGroup

To Robet Mood onhissixieth birthday

JamedArthur

Abstad. Landandshasconjeduredthe existene of a universalgroup, an extensionof the absolite
Galoisgroup, which would play a fundamentalrole in the dassi cationof automorphic representa-
tions. We shal descibe apossibleandidaé for this group. We shal alsodescibe apossiblecandidae
for the complexi cation of Grothendie&'s motivic Galoisgroup.

In 1977,Landandspostulated the existene of a universalgroup in the theory of
automorphic forms[L5]. In Landandss original formulation, the group would be
an objed in the cakgory of complex, redudive, proalgebaic groups. It would be
attadhedto agivennumber eld F (or more geneally, aglobal eld), andwould be
anextensionof the absolite Galoisgroup

F = GalF=F)

(F a x edalgebaicdosure of F), by a conneded, complex, redudive, proalgebaic
group.

Kottwitz [K2] later pointed out that Landandss group would be someviat sim-
plerif it weretakenin the cagory of localy compad topologcalgroups.In thisfor-
mulation, the universalgroup would be an extensionLr of the absolite Weil group
WE [T] by aconnededcompad group. It would thustakeits placin aseqiene

Le! We! ¢

of threelocaly compad groups,all having fundamentattiesto the arithmetic of F.
We shal work in this context. Our purposeisto descibe acandidaéfor L.

With its tiesto arithmetic, Lg could be expededto have mary propertiesin com-
mon with Wg and ¢. In particular, it shouldhave a local analoguel.g,, for ead
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valuationv of F, which ts into acommutative diagam

(1.1) le, — Wg, ——/

Lr /' Wi ¢

R

of continuoushomomorphisms.Thevertical embeddingon the left would bedeter-
mined only up to conjugacy and would extendthe well known conjugacyclassesf
embeddingWg, | Weand g | g of localWeil and Galoisgroups. Thelocal
Landandsgroup Lg, isknown. It isgivenby

L= ( WE,; if visarchimedean

PT Wg  SUZR); ifvisp-adic

(SedK2, Setion 12)]). Obsewrethat L, isa(split) extensionof Wg, by acompad,
simply conneded Lie group (eitherf 1g or SU(2; R)). Our candidag for the global
Landandsgroup Lr will be a (non-split) extensionof Wg by a produd of compad,
simplyconnededLie groups.

Theconstuction weshal give appeardo bethe mostoptimistic possiblegues®n
the ultimate form of Lg. It is highly speculatie,dependingon hypothesesor which
thereislittle evidene, in addition to well known conjedures.On the otherhand, it
seemso conform with whatis geneally belieredaboutautomorphicrepresentations.
Asidefrom any mistaleson my pan, the remaks that follow undoubtedy re ect
common viewsamongmathematiciansvho have thought aboutthe question.l am
particularly indebtedto DeligheandLandandsfor enlighteningconversation®n the
subjet.

We rst recal someconjedural propertiesof automorphicrepresentationsgspecialy
Landandss principle of functoriality. Supposethat G is a conneded,redudive alge-
braicgroup over F, which weassumdor simplicity is quasisplit. Themain structural
ingredientof functoriality is the L-group of G [L1], [K2, Setion 1]. Thisisde ned
asasemidied produd

LG = @ 0 W

of Wg with the dual group e} a complex redudive group that is in duality with G.
(Recal that the Weil group ads on e} through a nit e quotient of ¢, which can
sometimedeusedin plae of W in thede nition of -G.) For eat valuationv of F,
thelocallL-group

LG, = Bo W,

is de ned the sameway. The embeddingof WE, into W givesa conjugacycdassof
embeddingof -G, into “G.
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An automorphic representationof G is an irreduciblerepresentation of the
adelicgroup G(A) thatisaconstituent(in theprecisesensef[L4]) of theregularrep-
resentatiorof G(A) on L? G(F) n G(A) . Automorphic representationsieompose
into localcomponents.In fad, undera mild continuity condition, any irreq\tllcible
representation of G(A) canbewrittenasa(resticted)tensorprodua =,
of irreduciblerepresentationsf the localgroupsG(F,), almostall of which are un-
rami ed. Werecal thatif  isunramied, the group G is unrami ed atv. This
meansthat v is p-adic, and the adion of W, on @ fadors through the quotient of
WE, by theinertia subgouplg,. Moreover,  isobtainedin acanonicafashionfrom
aninducedrepresentatiorof G(F,), for which the inducingdatacanberepresened
by a semisimpleconjugacydasso( ) in -G, that projeds to the Frobeniuselement
Frob, in Wg =lf,. Anirreduciblerepresentation of G(A) thusgivesriseto afamily
of conjugacyclasses

() ="fal()=d v):v62y

in “G. Asusual,Sdenoksa nit e setof valationsof F, outsideof which G is un-
rami ed. The condition that beautomorphicis very rigid. It imposesdeepand
interestingrelationshipsamongthe different conjugacyclasses,( ).

The principle of functoriality is a fundamentalconjedure of Landands[L1]. To
staeit sucindly, let uswrite C,,(G) for the setof families

cS=fg:v6Xy

of semisimpleconjugacydassesn -G sud thatc® = ¢ ), for someautomorphic
representation of G. Wethenwrite C,,(G) for the setof equivalene dassesf sut
families,c® and (¢ beingequivalentif the imagesf ¢, andcin LG,=If, are equal
for almostall v. The principle of functoriality applieso apair of (quasisplit)groups
G%andG over F, andan L-homomorphism

(2.1) G0 LG

(In this context, an L-homomorphismis a continuoushomomorphismthat is ana-
lytic on &%and semisimpleon W, in the sense¢hat the projedion of (w) onto Bis
semisimpldor any w 2 W, andthat commuteswith the two projedions onto We.)
In its basicform, functoriality assets that the correspondingnapping

P=fdg! (D=f (Qg 2 Can(GY;

betweenfamiliesof conjugacydassessendsC,,i(G9 to Coui(G). In otherwords,for
ary automorphic representation °of G° there is an automorphic representation
of G sud that

o )= a9 (modlg);

for almostall v.
Werecal that functoriality hasa critical applicationto the theory of L-functions.
Qupposethat
r:*G! GL(n;C)
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isa nit edimensionakrepresentatiorof “G. (Asaspecialcaseof (2.1),r is assumed
to be analytic on ®, and continuous and semisimpleon Wg.) Supposealsothat
¢S = ¢ ) belongsto CS,(G), for some nit e setS outsideof which r and G are
unrami ed. The(unrami ed) globalL-function

Y
L(S CS; r) — LS(S ;r) = det 1 I'(Q,)J$ vj s
V65

is then de ned for sin someright half plane. It is conjedured that this function
hasmeromorphic continuation to the complex plane,and satis esan appropriate
functional equation. In the specialcasehat G equalsGL(n), andr is the standad
n-dimensionakepresentationthe conjedure wasprovedby amatrix analogug J] of
themethodof Tate.n thegeneal casepnecould applythe assetion of functoriality,
with  G;GL(n);r in plaeof (G%G; ). An af r mative ansver to the functoriality
conjedurewould thusresole the geneal problemof analtic continuationin temms
of the specialcasehat is known for GL(n). (Se€lL1] and[Bo]. For anelementay
introdudion to functoriality, sedA].)

Theroleof the group Lg would beto representhe functor
G! Gu(G):
More preciselyfor any (quasisplit)G, there shouldbeasurjedive mapping
o)
from the setof L-homomorphisms
Le! LG
takenup to conjugacyby 8, onto the setC.«(G). (An L-homomorphismheremeans

acontinuoushomomorphismthatis semisimpleijn the eatier senseandthat com-
muteswith the projedionsonto We.) For agiven |, let

vilg ! G
betherestiction of to the subgoup Lg, of Le. Then shouldbeunrami ed for

almostall v, in the sensehat  fadorsthrough the projedion of Lg, onto Wg =g, .
Thefamily o ) attadedto would bede ned by setting

a( )= v(Froby);

for ead unrami ed v.
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Recal thatthelocalLandandsconjedure givesaclassi cationof the (equivalene
cdassesf) irreduciblerepresentation®f G(F,). It asseis that the setof sud repre-
sentationss adisjoint union of nit esets , parametizedby L-homomorphisms

vile! Gy

taken agpin up to conjugacyby 6. Further conjeduresdescibe the individual L-
padkets | intemsofthe nit egroups

ofS,)=S,=5;

where
S, = Centy Imagé ) :

Thelatter are apart of the theory of endosmpy, which neednot concem ushere. We
do, however, recal that the original local Landandsconjedure includesa charader
ization of temperedrepresentationsThe assetion is that the representationgn
are tempered (that is, their charadersare tempered distributions on G(F,)) if and
onlyif theimageof  projedsto arelativelycompad subsebf ®. Thiscondition is
equivalentto therecquirementthat , mapLg, to asubgoup Ro WE, of G, whereR
isacompad realform of the complex group 8. Thelocal Landandsconjedure was
proved for archimedeanv by Landandsin [L3]. For p-adicv, it hasre@ntly been
establisheih the caseG = GL(n) by Harrisand Taylor [HT] andHenniait [H].
Retuming to the hypotheticalgroup L, we considerglobal L-homomorphisms
asabove. Any sudr  would give riseto alocalization , ateat v, andby the local
Landandsconjedure,a correspondindocallL-padket . Therepresentations in
theassociadglobalL-padket

n 9] o]
= = v: v2 ; yunramied for almostal v
\

would have the property thatc( ) = o ). Someof theserepresentationshouldbe
automorphic. Themostimportant caseoccurswhentheimageof doesnot fador
through any parabolicsubgoup of -G, or ecuivalently whenthe group

S = Centg(Image )

is nit emodulo the center of 8. In this casethe globaltheory of endos@py givesa
conjecdural formula,in temsof the nit egroup

ofS)=S=2;
for themultiplicity of in thespae of cuspformsfor G. Thereisno needto descibe

the formula. Our point is simply that the group L would be an extremelyuseful
objed to have. There are basicquestionsthat would be dif cult evento formulate
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without it. The questionwe were just consideing is a casdn point. It concemsa
problemof obviousimportanee,that of determining the br esof the mapping

o)

from automorphic representationso automorphic familiesof conjugacyclasses.
Thetentative construction of L weare goingto descibe hastwo ingredients.The
rst isanindexing setCr. Theseondisanassigmentof alocaly compad group L.
to every elementcin Ce. Thisgroup will begivenasanextension

(3.1) 11 Ko! Le! We! 1

of Wg by a compad, semisimplesimply conneded Lie group K.. It will alsobe
equippedwith alocalization

|
IT;V : V\,éFv
? ?

(3.2) y y
L I Wk

for ead valuation v. With theseingredients,we will then be ableto de ne Lg as
a br e produd over Wg of the groupsL.. Thiswill yield the required group asan

extension
3.3) 1! Ke! Le! WE! 1
of Wg by the compad group v
Kg = Ke:
2 Cg

Befoe we descibe Lg in detail,it might be helpfulto recal whathappensin case
thatG = T isatorus. Takingfor grantedthatLg hasthegenealstructure(3.3)above,
weseehatany L-homomorphism : Lg! T istrivial on Kg. Thesetof P-orbitsof
sud mappings cantherefore beidenti ed with the (continuous)cohomology group
HY(We; P). Oneof the eatier theoremsin the subjet wasLandandss classi cation
[L2] of the automorphic representation®f T asthe quotient of H(We; J17’) by the
subgoup

M
Hi(RP) = Hi(WrP) = ker HIWeP)!  HYWg;¥)
\%

From the caseof atorus,weseehatthemapping ! o ) neednot bebijedive.
For agiven G, two L-homomorphisms and °from L to “G will bein the same
br eif andonly if they arelocaly almosteverywhere equivalent,which isto say that

v equals 2 for almostall v. | do not know whetherone could hope for ary sott
of reasonablelassi cationof the br es. The questionis important, sine for non-
abelianG, it is dloselyrelakedto the failure of multiplicity onefor representationgn
the spae of cuspforms for G. Examplesof nontrivial br eshave beensysemati-
caly constuctedfor what would amountto homomomhismsthat facor through a
nit equotientof Lg ([B1], [Lars1],[Lars2]). Reently, S.Wanghasfound somesim-
ple examplef pairsof nonoonjugate, pointwiseconjugate homomorphismsfrom a
compad, conneded,simplegroup to acomplex group [W].
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We now give our tentative construction of L. It relieson both the localLandands

conjedureandthe globalfunctoriality conjedure. We assuméoth in whatfollows.
Qupposethat G isagroup over F, which we take to bequasisplit semisimpleand

simplyconneded. Snce we are assumindunctoriality, the L-functions

L(sc5r); 2 Gu(G);

have meromorphic continuation, for ary representatiorr of *G. It follows from
propertiesof standad L-functions of GL(n) that

ords; L(scSr)  [r:lgl;

where the right hand sidedenotsthe multiplicity of the trivial 1-dimensionakep-
resentatiorof G in r. Motivated by [L7], we shal sg that adassc 2 Cau(G) is
primitiveif for any r, we canchoosesomerepresentatiec® 2 CS,(G) of csud that

ords1 L(scr) = [r:Llg]:
Theteminology is atleastpartially justi ed by the circumstanethat if
(4.1) c= (); 2 Cu(O);

for somelL-homomorphism(2.1) whoseimagein “Gis proper, thereis arepresenta-
tion r with

[ ridigo] > [r:Llgl:

Wewrite Cyrim (G) for the subsetf primiti ve familiesin Cau(G).

We cannow de ne the indexing setCe. Considerthe setof pairs(G; ¢), where
Gisaquasisplit,simple,simply conneded algebaic group over F, and c is afamily
(or ratheran ecuivalene dassof families)in Cyrim (G). Two pairs(G; ¢) and (G% ¢
will be saidto beisomorphicif thereis anisomophismG ! GPoverF, andadual
isomorphism'-G0 I LGthattakesc®to c. Wede ne Cr to bethe setof isomorphism
dassesf sud pairs. We shal oftendenot an elementin Cr by ¢, eventhough cis
realy only the seond componentof arepresentatie (G; ¢) of anisomomphismcdlass.

Supposethat c belongsto Cr. Since the associatd group G is simply conneded,
the complex dual group Bisof adjointtype. Wewrite K. for acompada realform of
its simplyconnededcover 6. TheWeil group W operateson 6, andhenealsoon
K., by anadion thatfadorsthrough a nit equotientof the Galoisgroup . SnceG
neednot beabsolitelysimple, K. is geneally only semi-simple However, the adion
of Wr on K. doesfador to atransitive permutation representatiorof W on the setof
simplefadorsofthisgroup. ThecenlerZ(@SC) of @scisofoourse nit e,andcoincides
with the center of K.. In orderto de ne the extensionL., we needto construct an
elementn H2 Weg; Z(B) .
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The group Z(@SC) is dual to the center Z(G) of G. We choosean embeddingof
Z(G) into atorusZ over F. We canassumehat Z isinduced,in the sensahat it is
isomorphicto a nit eprodud

Y
Reg-r GL(1) ;

for nit e extensionsE; of F. In particular, we assumehat H(F, Z) is trivial. For
example we could take Z to beamaximaltorusT in G over F that is containedin an
F-rationalBorel subgoup. Having chosenZ, we obtainashott exad seqene

11 z(Q)! z! z-1 1

of diagpnalizablegroupsover F, with Z- beinganothertorus. We alsohave a dual
exad seqien@

11 Z(B! 21 21 1

of diagonalizablegroupsover C, equippedwith adionsof .
Thecompad (totally disonneded)group

%
Z(GA)= Z(GR)

\"

mapsto aclosedsubgoup Z(F) nZ(A) ;of Z(F) nZ(A). The rst exad seqiene
above,combinedwith the vanishingof the group

M

givesriseto anexad seqien®
1t zZ(AnzA) ;! ZAnZ(A)! Z-(AnzZ-(A):

Letuswrite (H) for the group of continuous (quasi-) charaderson ary localy
compad abeliangroupH. Then

Z(F)nZ(A) 5 = coker Z-(F)nz-(A) ! Z(F)nz(A)
Thegroup H4(F 2) isalsotrivial, sin@it is dualto H4(F: Z). TheLandandscorre-
spondenefor tori thengivesanisomomphismbetweenthegroups  Z(F) nZ(A)
andH(We; B). It followseasilythat
(4.2) Z(FA)nz(A) . = coker HY (W 2-) ! HY(Wg ) -

Finaly, the seond exad seqiene aboveyieldsanexad seqiene of cohomology

I HYWE ) ! HYWEBR) ! HZ Wez(b) !
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It followsthat thereis acanonicainjedion
(4.3) Z(ANnzZA) o ! H2 WeZ(b) -

Sncecbelongto C,i(G), thereisanautomorphicrepresentation of G sud that
c= o ). Infad, because belongto the subseCyim (G) of Caw(G), wewould ex-
ped tobecuspidal Asanirreduciblerepresentatiorof G(A), hasacentral char
aderonthegroup Z(G; A). Thecentral charaderisin turn the pullbad of a charac-
ter con Z(F)nZ(A)  asonededu@swithout dif cult y by consideing the case

Z = T mentionedabove. Having obtainedan element in Z(FnZ(A) 4 .

weneedonly applytheinjedion (4.3). Theimageof .isacdassn H? Wk; Z(Gsc) ,
which deteminesan extensionL. of Wr by K. (For a discussiorof local central
charaders,sedL3, p. 119-122hnd[Bo, p. 43].)
Itisinstructiveto descibethegroup L. alittle more concretely. Giventheinduced
torusZ above,we set
G= (G 2)=Z(G);

for thediagonalembeddingpf Z(G) into G Z. Theexad seqiene
11 z1 Gl Guy! 1

isthenaz-extension[K1] of the adjoint group Gaq. In particular, the derivedgroup
Gyer of G equalsthe original simply conneded group G. There is a seond exad
seqien®@

11 6! Gl z-1 1

aswell asanassociatd pair of dualexad seqienes
11 6! 8° 21 1

and

11 2. &8 &1 1

Let K, bethe normalizer of K. in &. ThenK. is the produd of acompad realform

of @ with the center 2-. We choosea 1-cocyde z, from We to P that represents
undertheisomormphism(4.2). We canthentake the subgoup

(4.4) Le=fg w2 Kco We:b(g) = z(w)g

of -G for arealizationof the extension(3.1). Itsisomomphismdasss of courseinde-
pendentof the choice of z..

We are expeding that there existsan “extensiori of the family cto G. More pre-
ciselythereshouldbeacuspidakutomorphicrepresentatiori of G sud thatcisthe
imageof thefamily ¢ = (™) underthe projedion from "G onto -G. We assumehat
~ exists,andthatits central charader on Z(F) n Z(A) extends .. Thecentral char
aderof ~ isthendual (underthe Landandscorrespondenefor tori) to a 1-cocycle
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z. that represents , asabove, and from which we canform the group (4.4). We
are alsoassuminghe local Landandsclassi cationfor the groupsG(F,). Thelocal
components™, of ~ thendetermine L-homomorphisms

Le, ! Gy

Now the original condition that c is primitive, togetherwith our assumptionthat
functoriality holds,impliesthat = satis esthe genealanaloguef Ramamjarscon-
jedure. To beprecisetheargumentof [L1, p. 56-59](in combinationwith the clas-
si cation [L3] of arbitrary representation termsof temperedrepresentationsgan
beusedto provethatthelocalcomponents™, of ~ areall tempered(up to apossible
twistof ~ by arealvaluedautomorphic charader of Z-). For ead v, theimageof L,
istherefore containedin the subgoup Kc0 WE, of LG,. Our condition on thecentral
charader of ~ impliesthat theimageof L, in K. 0 W is containedin the subgoup
(4.4). Wethereforeobtainalocalization(3.2) for ead v.

Thereis aratherseious additionalhypothesighat hasbeenimplicit in the con-
structions above. We assumehat the mappings (3.2) we have justde ned areinde-
pendentof the choice of ~. Thishypothesisappliesalsoto the isomormphismdassof
theextensionL., de ned by (4.4)in termsof the central charaderof ™. Thatisto sg),
weassumehattheoriginal centralcharader con Z(F)nZ(A) isindependentof
the ealtlier choice of automorphicrepresentation with o ) = c. Such ahypothesis
is neededn order that the basicobjeds (3.1) and (3.2), taken up to isomorphism,
dependonly on c. We shal discusst brie y in the next setion.

We have now assembledjndervarious hypothesesthe ne@ssay ingredientsfor
Lr. They aretheindexing setCg, the extension(3.1) of Wg attadhedto ead cin Ce,
andthe localmapping(3.2) attahedto eat candv. We cannow de ne L asthe

br eprodua v
Le= (! We)
2 Ck

of theextensiong3.1). Thisyieldsthe requiredextension(3.3) of W, togethemwith
thelocalembedding(1.1).

Theconstruction we have givenfor L representghe simplestform the group could
possiblytake. It may well turn out to be overly optimistic. However, asfar asl can
seethe construction isnot in con ic t with any propertiesof automorphic represen-
tations,eitherprovedor conjedured. In any caseit raisesomeinterestingguestions.

The mostobvious questionis perhapsthat of why the kemelsK: in (3.1) should
be simply conneded. This condition on Lg impliesthat for G and G asin the last
sedion, any “primitive’ L-homomormphism

Le! 'G= Go We

extendsto an L-homomorphismfrom Lg to LG. It is more or lessequivalentto our
assumptionin Setion 4 thatfor any ¢ 2 Cyim (G), thereis a cuspidalautomorphic
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representation” of G suc that the automorphic family & = o) projedsto c. Why
shouldsud a ™ exist?

| do not have anything particulary usefulto sy aboutthe question.Onecould al-
waysreplaeit with thebroaderquestionof whetherelementsn thelargersetCaui(G)
alsoextendto G. In this form, it canbe posedfor the Weil group W insteadof L.
Doesary L-homomorphism  from W to LG extendto an L-homomorphismfrom
WE to G? The ansver is yes. For we canidentify ~ with anelementin the relevant
cohomology group HY(WF; (9), which canin turn beplaedin anexad seqiene@

L HWE 81 HIWe ) ! HAWE 2 ) !

Labesséasshavn that mapsto zero in H2(W; 2-), and is hene the imageof

an elementin Hl(WF;é) [Lab, Théoreme7.1]. (The theorem of Labesséolds
if Fisreplaed by any local or global eld. Eatier special casesvere treatd in
[L3, Lemma2.10]and[L6, Lemmad]).

Onecould considerthe questiondiredly in terms of representationsAn ansver
of sorts would presumablyfollow from somegenealizationof Lemma6.2 of [LL].
Thislemmawasusedin [LL] in suppot of acomparisonof stabletrace formulas,in
thespecialcasaghat G = SL(2) andG = GL(2). In geneal,any compaiisonof stable
trac formulaswould begin with an analysiof conjugacycassesThe analogueof
atempered, cuspidalautomorphic representatiorof G would be a strondly regular
conjugacydassin G(A) that is the imageof an elliptic conjugacydassin G(F). A
globalL-padketof sut representationsiould beanalogusto acorrespondingstable
conjugacyclass.Thereisof courseanembeddingf G(A) into G(A). Onechedsthat
the associad mappingof strondly regular, stableconjugacydassess injedive. This
might be construedasheuristic evidene that the transposenappingbetweenclass
functions takesL-padketsof tempered, cuspidal,automorphic representation®f G
surjedivelyto the setof sut padetsfor G.

Anotherquestionconcemsthelasthypothesisn Setion 4. We haveassumedhat
the building blocks (3.1) and (3.2) of Lr depend on c alone,and not the choice of
automorphic representation™ of G. The failure of this hypothesiswould seemto
leare no altemative but to enlargehe indexing setCe, sin@agivenpair (G; ¢) might
require seseral indicesto awommodat differentfamiliesof localizationg3.2). With
sud a change,there could be two primitive, localy almosteverywhere equivalent
L-homomorphisms

(5.1) N o T C

correspondingo two different primiti ve fadors of Lg (overWg). Thiswould becon-
trary to conjedure. Indeed,one could composeboth and °with anirreducible,
faithful, nit e dimensionalrepresentationof “G. The resultingpair of irreducible
representations

rr% Le! GL(n;C)

would parametize the samecuspidalautomorphic representatiorof GL(n), by the
theoremof strongmultiplicity one,yetwould beinequivalent,by construction. Such
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aproperty of Lg is not to be expeded. For the irreducible h-dimensionalrepresen-
tation of Lg are supposedo bein bije¢ion with the cuspidalautomorphic represen-
tationsof GL(n). Isthereany way to study the question,albeitheuristicaly, diredly
in termsof primiti ve automorphic representationsf the group G?

Let us now assumehat the group Lr we have de ned realy is the automorphic
Landandsgroup. Namely we assumehat for ary G, the mapping ! o ) takes
the setof L-homomorphisms : Lg ! G surjedivelyto Ca(G). What doesthis
geneal hypothesishave to say aboutautomorphic representations?

It certainly implies functoriality. If is an L-homomorphism from L% to LG
andc® = o 9 belong to Co(G9, thenc = (c® ewualso ), where is the
composition

TRRRTCIIIe
Therefore,the geneal hypothesison Ly doesimply that cbelongto Cyyi(G).

However, the geneal hypothesisalsoimpliesthe existene of someautomorphic
familiesthat cannotbe explainedsolelyin terms of functoriality. Supposethat is
anarbitrary L-homomorphismfrom Lr to “G. Theconned¢edcomponentof 1in the
imageof projeds to a subgoup of 8. Let® bethe Zariski closurein ® of this
subgoup. Then® is a complex redudive subgoup of ®, which is normalized by

(LF) Set
H =8 (L):

Theprojedion of “G onto W thenyieldsa shoit exad seqiene
10 B H D OWe! L

Theadion of H on® by conjugation fadorsto ahomomorphismfrom  to the
group of outer automorphismsof B . Thisadion in turn deerminesawel de ned
quasispligroupH overF, for which B isacomplex dualgroup. However, H does
not have to beisomorphic (overWg) to “H . Thereneednot beasetion Wg ! H
whoseimagegivesan L-adion [K2, Se¢ion 1] by conjugation on 1 . To attad an
L-groupto H , wecanchoosea z-extension

11 Zz1V H! H! 1

of H overF. Thisgivesriseto adual L-embeddingof H into'H , andadiagam
of L-homomorphisms

(5.2) Le /'H I'ig

The eatier discussiorimpliesthat thefamilyc(~) belongsto Caut(H ). Itisin faa
the family o ™) we have assumednay beattatiedto anelementn Cyim (H ; der). Of
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course,the existene of ~) doesnot alter the fad that “H neednot embedin “G.
The discussiorshaws that the automorphic family o( ) 2 C,(G) neednot bea
strictly functorial imageof any primiti ve family c.

How geneal is this phenomenon?upposethat we have a diag.am of L-homo-
morphisms
e

<-OVT

LA

for a quasisplitgroup H, an extensionH of Wg by I, and a z-extensionH of H.
When canwe exped thosefamiliesé 2 C,(H) that fador through H to mapto
familiesc in Cy,t(G)? It would be interestingto nd an explanationthat doesnot
relyon the existene of Lg. The conjedural theory of endosmpy givesan ansver in
onecase.lt is the casethat H is an endospic group, or more geneally a twisted
endosopic group, for G. (SedLS, Setion 4.4],[KS, Setion 2.2].)

The automorphic Landandsgroup, in whatever form it might take, would be
assigni cant for the limits it placeson automorphic representationasfor what it
impliesabouttheir existene. The geneal hypothesison Lg above impliesthat any
automorphic family c 2 C,t(G) is of the form ¢ ), and hene givesriseto a dia-
gram (5.2). In patticular, it impliesthe existene of the groupH . Thiswasone of
the main reasondor Landandss original introdudion of a universalautomorphic
group. Theexistene of H may be regardedasa kind of converseto functoriality.
It meangthat ageneal family c 2 C,(G) canbe obtainedfrom a primiti ve family
Gorim 2 Cp,im(I:I - der) through adiagam (5.2). Eventhough (5.2) doesnot always
represenanembeddingf L-groups,it isrealy only amild genealizationof the data
(2.1) of functoriality.

The existene of the group H is a fundamentalpremiseof Landandss reent
paper [L7]. As an essentiabupplemento functoriality, the questionis obviously
very deep Oneis temptedto beliese that a sucessfulattadk on functoriality will
alsoneedto establisithe existene of H . Thisis pan of the appealof the methods
proposedn [L7], provisionalasthey may be.

Landandss seond main reasorfor introducinga universalautomorphic group was
to make precisethe conjedural relationshipbetweenautomorphic representations
andmotives.Thetheory of motivesis dueto Grothendieg. It is basedn the“stan-
dard conjedures for algebaiccydes,andincludesthe existene of auniversalgroup
G- whoserepresentationslassifymotivesover F. (SegKlei], [S2] and[DM].) We
shal considerthe motivic Grothendie& group only in its simplestform, which is
asagroup over C. In otherwords, we identify G= with its group of complex points
(relativeto the Q-rationalstructurede ned by a x edembeddingf Finto C). Then
G- isaproalgebaicextensionof ¢ by aconneded,complex, redudive,proalgebaic
group G2

By the 19705 Deligne and Landandswere prepaed to conjedure very geneal
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relationsbetweenmotivesand automorphic representations.Landandsexpressed
themin theform of aconjedural mappingfrom the universalutomorphic group to
themotivic Grothendie& group. In the presentontext thisamountsto acontinuous
homomorphismfrom L to G, determined up to conjugation by G2, sud that the
diagam

<o
~<-oo_g)

(6.1)

F F

iscommutative. (Se€L5, Setion 2]. For further discussiorof therelationsbetween
automorphicrepresentationgndmotives,segC] and[R].)

The tentative construction of Lg in Setion 4 can be adaped to the motivic
Grothendie& group. In this lastse¢ion, we shal descibe a tentative construction
of G, togethemwith the correspondincghomomormhismfrom Lg to G-.

Not all automorphic representationsanbeattaciedto motives.Let = |,
be an automorphic representatiorof a redudive (quasisplit)group G over F. Snce
the local Landandsconjedure hasbeenestablishedor archimedean elds, we can
attad anL-homomorphism

vilg = Wg ! G,

to ead archimedeancomponent , of . Supposethat Gge, is simply conneded.
With this condition, we shal sa that is of type A, if for every nit e dimensional
representatiorr of “G whosekemel containsa subgoup of nit eindex in W, the
associa@drepresentations of archimedearWeil groupsWe, are of Hodgetype.
In otherwords,therestiction ofr to thesubgoup C of WE, isadired sumof
charadersof theform

z! zPz9 z2C;pqg2z

Weshal sgythatanautomorphicfamilyc 2 C,+(G) isofthetypeAgif isoftypeAo,
for any automorphicrepresentation of Gwith ¢ ) = ¢ It isthesubseCyt.0(G) of
familiesin C,i(G) of type Ag that are thought to have motivic signi cance.

The motivic analogueof the Weil group is the Taniyamagroup ([L5, Setion 5],
[MS], [D])- In our context of complex motivic groups,the Taniyamagroup is an
extension

11 S Tl gl 1

of gbythecomplexSeregroupSe ([S1],[L5, Setion 4], [S2,Setion 7]), acomplex
proalgebaictorus. Thereis anatural homomorphism

w! t(w); w2 WrE
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fromWe¢ to Tg, de ned up to conjugationin T by its conne¢edcomponentSg, sudh
thatthediagam

(6.2) We — 1

iscommutative [L5, p. 226—-227] Thisisare ection of thefad thatthereisacanon-
ical bijedion between(continuous, semisimpleyepresentation®f Wg of type Ao,
and(proalgebaic) representationsf Te.

Wewrite Cgo for the setof elementsn Cr of type Ag. An elemenin Cgp isthusan
isomomhismclassof pairs(G; ¢), where G is a quasisplit,simple,simply conneded
group over F, andcisafamilyin

Cprim;O(G) = Cprim (G)\ Caut;O(G):

Supposethatcbelongto Cgg. Thatis, cisthe seond componentof arepresentatie
(G; ©) of anisomomphism cassin Cgg. We shal write D for the complex, simply

conne¢edgroup 6. TheTaniyamagroup T adson D through its projedion onto
r. Weneedto de ne anextension

(6.3) 1! D¢! G! Te! 1

of Tg by D..
For thegivenelementc 2 Cgg, we choosea z-extension

11 z1 Gl Guy! 1
asin Setion 4. We have alread/ assumedhe existene of anautomorphic represen-
tation ~ of G sud that cistheimageof thefamily€ = ™). Weassuméierethat ~
may bechosento beof type Ag. In particular, we assumehat the central charader of
~isof type Ag. It followsfrom this that the correspondind_-homomorphism
w! z(w w
from W to - Z fadorsthrough the Taniyamagroup Tr. In otherwords,we canwrite

z(w) = ¢ t(w) ; w2 Wg

for aproalgebaicmorphism . from Tg tobsumthatthemappingt I (t) tis

ahomomorphismform Teto o Te. Letuswrite D for the complex dualgroup &
Therequiredextension(6.3) canthenbede ned by

(6.4) G=fg t2Dc0 Te:b(g = (g
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Theisomomphismcdasof G; over Tr isindependentof the choice of extensionG! G
and cocydle z.. Compairing (6.4) with the construction (4.4) of L., we seethat the

mapping

g w! g tw
is a continuoushomomorphismfrom L. to G; that commuteswith the projedions
onto .

Wehave assemblethe neessay ingredientsfor atentativede nition of Ge. They
consistof the subsetCr( of Cr, andthe extension(6.3) attacedto ead cin Cgo. It
remainsonly to de ne G: asthe proalgebaic br eprodud

Y
(6.5) G=  (G! Te:

@2 Cgo
Thisyieldsanextension
1! D! G! Te! 1

of T by the complex, conneded, proalgebaicgroup

Y
DF: DC:
@2 Cro

Therequiredmapping(6.1)of L isde nedin theobviousway asthe br eprodud
over (6.2) of thehomomormphismsL, ! G..
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