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A Note
on the Automorphic LanglandsGroup
ToRobert Moody onhissixtieth birthday

JamesArthur

Abstract. Langlandshasconjectured the existence of a universalgroup, an extensionof the absolute
Galoisgroup, which would play a fundamentalrole in the classi�cationof automorphic representa-
tions.Weshall describeapossiblecandidatefor thisgroup. Weshall alsodescribeapossiblecandidate
for thecomplexi�cation of Grothendieck'smotivic Galoisgroup.

1

In 1977,Langlandspostulated the existence of a universalgroup in the theory of
automorphic forms [L5]. In Langlands's original formulation, the group would be
an object in the category of complex, reductive, proalgebraic groups. It would be
attachedto a givennumber�eld F (or moregenerally, a global �eld), andwould be
anextensionof theabsoluteGaloisgroup

� F = Gal(F̄=F)

(F̄ a �x edalgebraicclosure of F), by a connected,complex, reductive, proalgebraic
group.

Kottwitz [K2] later pointedout that Langlands'sgroup would besomewhatsim-
pler if it weretakenin thecategory of locally compact topologicalgroups.In this for-
mulation, the universalgroup would bean extensionLF of the absoluteWeil group
WF [T] by aconnectedcompact group. It would thustakeits placein asequence

LF ! WF ! � F

of threelocally compact groups,all having fundamentaltiesto the arithmetic of F.
Weshall work in thiscontext. Our purposeis to describeacandidatefor LF.

With its tiesto arithmetic,LF could beexpectedto havemany propertiesin com-
mon with WF and � F. In particular, it shouldhave a local analogueLFv, for each
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valuationv of F, which �ts into acommutativediagram

LFv
//

•_

��

WFv
//

•_

��

� Fv•_

��
LF // WF // � F

(1.1)

of continuoushomomorphisms.Theverticalembeddingon theleft would bedeter-
minedonly up to conjugacy, andwould extendthewell known conjugacyclassesof
embeddingsWFv ,! WF and� Fv ,! � F of localWeil andGaloisgroups. The local
LanglandsgroupLFv isknown. It isgivenby

LFv =

(
WFv; if v isarchimedean;
WFv � SU(2; R); if v is p-adic:

(See[K2, Section 12)]). Observethat LFv is a (split) extensionof WFv by a compact,
simplyconnectedLie group (either f 1g or SU(2; R)). Our candidate for the global
Langlandsgroup LF will bea (non-split) extensionof WF by a product of compact,
simplyconnectedLiegroups.

Theconstruction weshall giveappearsto bethemostoptimisticpossibleguesson
theultimateform of LF. It is highly speculative,dependingon hypothesesfor which
there is little evidence,in addition to well known conjectures.On theotherhand,it
seemstoconform with whatisgenerallybelievedaboutautomorphicrepresentations.
Asidefrom any mistakeson my part, the remarks that follow undoubtedly re�ect
common viewsamongmathematicianswho have thought aboutthequestion.I am
particularly indebtedto DeligneandLanglandsfor enlighteningconversationson the
subject.

2

We�rst recall someconjecturalpropertiesof automorphicrepresentations,especially
Langlands'sprincipleof functoriality. Supposethat G isaconnected,reductivealge-
braicgroupoverF, which weassumefor simplicity isquasisplit.Themainstructural
ingredientof functoriality is theL-group of G [L1], [K2, Section 1]. This is de�ned
asasemidirect product

LG = bGo WF

of WF with the dual group bG, a complex reductive group that is in duality with G.
(Recall that the Weil group acts on bG through a �nit e quotient of � F, which can
sometimesbeusedin placeof WF in thede�nition of LG.) For each valuationv of F,
thelocalL-group

LGv = bGo WFv

is de�ned the sameway. Theembeddingof WFv into WF givesa conjugacyclassof
embeddingsof LGv into LG.



468 JamesArthur

An automorphic representationof G is an irreduciblerepresentation� of the
adelicgroupG(A) that isaconstituent(in theprecisesenseof [L4]) of theregularrep-
resentationof G(A) on L2

�
G(F) n G(A)

�
. Automorphic representationsdecompose

into localcomponents.In fact, undera mild continuity condition, any irreducible
representation� of G(A) canbewrittenasa(restricted) tensorproduct � =

N
v � v

of irreduciblerepresentationsof the localgroupsG(Fv), almostall of which areun-
rami�ed. We recall that if � v is unrami�ed, the group G is unrami�ed at v. This
meansthat v is p-adic,and the action of WFv on bG factors through the quotient of
WFv by theinertia subgroupIFv. Moreover, � v isobtainedin acanonicalfashionfrom
an inducedrepresentationof G(Fv), for which the inducingdatacanberepresented
by a semisimpleconjugacyclassc(� v) in LGv that projects to the Frobeniuselement
Frobv in WFv=IFv. An irreduciblerepresentation� of G(A) thusgivesriseto a family
of conjugacyclasses

cS(� ) = f cv(� ) = c(� v) : v 62Sg

in LG. As usual,Sdenotesa �nit e setof valuationsof F, outsideof which G is un-
rami�ed. The condition that � beautomorphic is very rigid. It imposesdeepand
interestingrelationshipsamongthedifferentconjugacyclassescv(� ).

Theprincipleof functoriality is a fundamentalconjectureof Langlands[L1]. To
stateit succinctly, let uswriteCS

aut(G) for thesetof families

cS = f cv : v 62Sg

of semisimpleconjugacyclassesin LG such that cS = cS(� ), for someautomorphic
representation� of G. WethenwriteCaut(G) for thesetof equivalenceclassesof such
families,cS and(c0)S beingequivalentif the imagesof cv andc0

v in LGv=IFv areequal
for almostall v. Theprincipleof functoriality appliesto apair of (quasisplit)groups
G0andGoverF, andanL-homomorphism

� : LG0 ! LG:(2.1)

(In this context, an L-homomorphismis a continuoushomomorphismthat is ana-
lytic on bG0 andsemisimpleonWF, in thesensethat theprojection of � (w) onto bG is
semisimplefor any w 2 WF, andthat commuteswith thetwo projectionsonto WF.)
In its basicform, functoriality asserts that thecorrespondingmapping

c0 = f c0
vg ! � (c0) = f � (c0

v)g; c0 2 Caut(G0);

betweenfamiliesof conjugacyclasses,sendsCaut(G0) to Caut(G). In otherwords,for
any automorphic representation� 0 of G0, there is anautomorphic representation�
of Gsuch that

cv(� ) = �
�

cv(� 0)
�

(mod IFv);

for almostall v.
Werecall that functoriality hasacritical applicationto the theory of L-functions.

Supposethat
r : LG ! GL(n; C)
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is a �nit edimensionalrepresentationof LG. (Asa specialcaseof (2.1), r is assumed
to be analytic on bG, and continuous and semisimpleon WF.) Supposealsothat
cS = cS(� ) belongs to CS

aut(G), for some�nit e setS outsideof which r and G are
unrami�ed. The(unrami�ed) globalL-function

L(s; cS; r) = LS(s; � ; r) =
Y

v62S

det
�

1 � r(cv)j$ vj � s� � 1

is then de�ned for s in someright half plane. It is conjectured that this function
hasmeromorphic continuation to the complex plane,and satis�esan appropriate
functional equation. In the specialcasethat G equalsGL(n), and r is the standard
n-dimensionalrepresentation,theconjecturewasprovedby amatrix analogue[J] of
themethodof Tate.In thegeneralcase,onecould applytheassertion of functoriality,
with

�
G; GL(n); r

�
in placeof (G0; G; � ). An af�r mativeanswer to the functoriality

conjecturewould thusresolvethegeneral problemof analytic continuation in terms
of the specialcasethat is known for GL(n). (See[L1] and[Bo]. For an elementary
introduction to functoriality, see[A].)

3

Theroleof thegroup LF would beto representthefunctor

G ! Caut(G):

Moreprecisely, for any (quasisplit)G, thereshouldbeasurjectivemapping

� ! c(� )

from thesetof L-homomorphisms

� : LF ! LG;

takenup to conjugacyby bG, onto thesetCaut(G). (An L-homomorphismheremeans
acontinuoushomomorphismthat is semisimple,in theearlier sense,andthat com-
muteswith theprojectionsonto WF.) For agiven� , let

� v : LFv ! LGv

bethe restriction of � to the subgroup LFv of LF. Then� shouldbeunrami�ed for
almostall v, in thesensethat � v factors through theprojection of LFv onto WFv=IFv.
Thefamilyc(� ) attachedto � would bede�ned by setting

cv(� ) = � v(Frobv);

for each unrami�ed v.
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Recall that thelocalLanglandsconjecturegivesaclassi�cationof the(equivalence
classesof) irreduciblerepresentationsof G(Fv). It asserts that thesetof such repre-
sentationsisadisjoint union of �nit esets� � v, parametrizedby L-homomorphisms

� v : LFv ! LGv;

taken again up to conjugacyby bG. Further conjecturesdescribe the individual L-
packets� � v in termsof the�nit egroups

� 0(S� v) = S� v=S0
� v

;

where
S� v = CentbG

�
Image(� v)

�
:

Thelatterareapart of thetheory of endoscopy, which neednot concern ushere.We
do, however, recall that theoriginal localLanglandsconjecture includesacharacter-
izationof temperedrepresentations.Theassertion is that therepresentationsin � � v

are tempered (that is, their charactersare tempered distributions on G(Fv)) if and
only if the imageof � v projects to arelativelycompact subsetof bG. Thiscondition is
equivalentto therequirementthat � v mapLFv to asubgroup bKo WFv of LGv, where bK
is acompact realform of thecomplex group bG. ThelocalLanglandsconjecturewas
proved for archimedeanv by Langlandsin [L3]. For p-adic v, it hasrecently been
establishedin thecaseG = GL(n) by HarrisandTaylor [HT] andHenniart [H].

Returning to thehypotheticalgroup LF, weconsiderglobalL-homomorphisms�
asabove. Any such � would give riseto a localization� v at each v, andby the local
Langlandsconjecture,acorrespondinglocalL-packet � � v. Therepresentations� in
theassociatedglobalL-packet

� � =
n

� =
O

v

� v : � v 2 � � v; � v unrami�ed for almostall v
o

would have theproperty that c(� ) = c(� ). Someof theserepresentationsshouldbe
automorphic. Themostimportant caseoccurswhenthe imageof � doesnot factor
through any parabolicsubgroupof LG, or equivalently, whenthegroup

S� = CentbG(Image� )

is �nit emodulo thecenter of bG. In this case,theglobal theory of endoscopy givesa
conjectural formula,in termsof the�nit egroup

� 0(S� ) = S� =S0
� ;

for themultiplicit y of � in thespaceof cuspformsfor G. Thereisno needto describe
the formula. Our point is simply that the group LF would be an extremelyuseful
object to have. There are basicquestionsthat would bedif�cult even to formulate
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without it. Thequestionwe were just considering is a casein point. It concerns a
problemof obviousimportance,that of determining the�br esof themapping

� ! c(� )

from automorphic representationsto automorphic familiesof conjugacyclasses.
Thetentativeconstruction of LF wearegoingto describehastwo ingredients.The

�rst isanindexingsetCF. Thesecond isanassignmentof alocally compact groupLc

to every elementc in CF. Thisgroupwill begivenasanextension

1 ! Kc ! Lc ! WF ! 1(3.1)

of WF by a compact, semisimple,simply connected Lie group Kc. It wil l alsobe
equippedwith alocalization

LFv � � � � ! WFv
?
?
y

?
?
y

Lc � � � � ! WF;

(3.2)

for each valuation v. With theseingredients,we will then be ableto de�ne LF as
a �br e product over WF of the groupsLc. This will yield the required group asan
extension

1 ! KF ! LF ! WF ! 1(3.3)

of WF by thecompact group
KF =

Y

c2 CF

Kc:

BeforewedescribeLF in detail,it might behelpful to recall whathappensin case
thatG = T isatorus.Takingfor grantedthatLF hasthegeneralstructure(3.3)above,
weseethatany L-homomorphism� : LF ! LT istrivial on KF. Thesetof bT-orbitsof
such mappingscanthereforebeidenti�ed with the(continuous)cohomology group
H1(WF; bT). Oneof theearlier theoremsin thesubject wasLanglands'sclassi�cation
[L2] of the automorphic representationsof T asthe quotient of H1(WF; bT) by the
subgroup

H1
`t (F; bT) = H1

`t (WF; bT) = ker
�

H1(WF; bT) !
M

v

H1(WFv; bT)
�

:

From thecaseof atorus,weseethat themapping� ! c(� ) neednot bebijective.
For a given G, two L-homomorphisms� and � 0 from LF to LG will be in the same
�br eif andonly if they arelocally almosteverywhereequivalent,which is to say that
� v equals� 0

v for almostall v. I do not know whetheronecould hope for any sort
of reasonableclassi�cationof the �br es. Thequestionis important, since for non-
abelianG, it is closelyrelatedto the failureof multiplicit y onefor representationsin
the space of cuspforms for G. Examplesof nontrivial �br eshave beensystemati-
cally constructedfor what would amountto homomorphismsthat factor through a
�nit equotientof LF ([B1], [Lars1],[Lars2]).Recently, S.Wanghasfound somesim-
pleexamplesof pairsof nonconjugate,pointwiseconjugatehomomorphismsfrom a
compact, connected,simplegroup to acomplex group [W].



472 JamesArthur

4

We now give our tentative construction of LF. It relieson both the localLanglands
conjectureandtheglobalfunctoriality conjecture.Weassumeboth in what follows.

Supposethat G isagroup overF, which wetaketo bequasisplit,semisimple,and
simplyconnected.Sinceweareassumingfunctoriality, theL-functions

L(s; cS; r); cS 2 CS
aut(G);

have meromorphic continuation, for any representationr of LG. It follows from
propertiesof standard L-functionsof GL(n) that

ords= 1
�

L(s; cS; r)
�

� [r : 1LG] ;

where the right handsidedenotesthe multiplicit y of the trivial 1-dimensionalrep-
resentationof LG in r. Motivated by [L7], we shall say that a classc 2 Caut(G) is
primitiveif for any r, wecanchoosesomerepresentativecS 2 CS

aut(G) of csuch that

ords= 1
�

L(s; cS; r)
�

= [r : 1LG] :

Theterminology isat leastpartially justi�ed by thecircumstancethat if

c = � (c0); c0 2 Caut(G);(4.1)

for someL-homomorphism(2.1)whoseimagein LGisproper, thereisarepresenta-
tion r with

[� � r : 1LG0] > [r : 1LG] :

WewriteCprim (G) for thesubsetof primiti vefamiliesin Caut(G).
We cannow de�ne the indexing setCF. Considerthe setof pairs(G; c), where

G is a quasisplit,simple,simplyconnectedalgebraicgroup over F, andc is a family
(or ratheranequivalenceclassof families)in Cprim (G). Two pairs(G; c) and(G0; c0)
will besaidto beisomorphic if there is an isomorphismG ! G0 over F, andadual
isomorphismLG0 ! LGthat takesc0 to c. Wede�ne CF to bethesetof isomorphism
classesof such pairs. We shall oftendenotean elementin CF by c, even though c is
really only thesecond componentof arepresentative(G; c) of anisomorphismclass.

Supposethat c belongs to CF. Since the associatedgroup G is simplyconnected,
thecomplex dualgroup bG is of adjoint type. WewriteKc for acompact realform of
its simplyconnectedcover bGsc. TheWeil groupWF operateson bG, andhencealsoon
Kc, by anaction that factorsthrough a�nit equotientof theGaloisgroup � F. SinceG
neednot beabsolutelysimple,Kc isgenerally only semi-simple.However, theaction
ofWF on Kc doesfactor to atransitivepermutationrepresentationofWF on thesetof
simplefactorsof thisgroup. ThecenterZ( bGsc) of bGsc isof course�nit e,andcoincides
with the center of Kc. In order to de�ne the extensionLc, we needto construct an
elementin H2

�
WF; Z( bGsc)

�
.
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Thegroup Z( bGsc) is dual to the center Z(G) of G. We choosean embeddingof
Z(G) into a torusZ over F. Wecanassumethat Z is induced,in the sensethat it is
isomorphic to a�nit eproduct

Y

i

ResEi =F
�

GL(1)
�

;

for �nit e extensionsEi of F. In particular, we assumethat H1(F; Z) is trivial. For
example,wecould takeZ to beamaximaltorusT in GoverF that iscontainedin an
F-rationalBorelsubgroup. Having chosenZ, weobtainashort exact sequence

1 ! Z(G) ! Z ! Z_ ! 1

of diagonalizablegroupsover F, with Z_ beinganothertorus. We alsohave a dual
exact sequence

1 ! Z( bGsc) ! cZ_ ! bZ ! 1

of diagonalizablegroupsoverC, equippedwith actionsof � F.
Thecompact (totally disconnected)group

Z(G; A) =
Y

v

Z(G; Fv)

mapsto aclosedsubgroup
�

Z(F) n Z(A)
�

G of Z(F) n Z(A). The�rst exact sequence
above,combinedwith thevanishingof thegroup

H1
`t (F; Z) = ker

�
H1(F; Z) !

M

v

H1(Fv; Z)
�

;

givesriseto anexact sequence

1 !
�

Z(F) n Z(A)
�

G ! Z(F) n Z(A) ! Z_ (F) n Z_ (A):

Let us write � (H) for the group of continuous (quasi-) characterson any locally
compact abeliangroupH. Then

�
� �

Z(F) n Z(A)
�

G

�
�= coker

�
�

�
Z_ (F) n Z_ (A)

�
! �

�
Z(F) n Z(A)

� �
:

Thegroup H1
`t (F; bZ) is alsotrivial, since it is dual to H1

`t (F; Z). TheLanglandscorre-
spondencefor tori thengivesan isomorphismbetweenthegroups�

�
Z(F) n Z(A)

�

andH1(WF; bZ). It followseasilythat

�
� �

Z(F) n Z(A)
�

G

�
�= coker

�
H1(WF; cZ_ ) ! H1(WF; bZ)

�
:(4.2)

Finally, thesecond exact sequenceaboveyieldsanexact sequenceof cohomology

� � � ! H1(WF; cZ_ ) ! H1(WF; bZ) ! H2� WF; Z( bGsc)
�

! � � �
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It followsthat thereisacanonicalinjection

�
� �

Z(F) n Z(A)
�

G

�
! H2� WF; Z( bGsc)

�
:(4.3)

Sincecbelongsto Caut(G), thereisanautomorphicrepresentation� of Gsuch that
c = c(� ). In fact, becausecbelongsto thesubsetCprim (G) of Caut(G), wewould ex-
pect � to becuspidal.Asanirreduciblerepresentationof G(A), � hasacentral char-
acteron thegroupZ(G; A). Thecentral character is in turn thepullback of acharac-
ter � c on

�
Z(F) n Z(A)

�
G, asonededuceswithout dif�cult y by considering thecase

Z = T mentionedabove. Having obtainedanelement� c in �
� �

Z(F) n Z(A)
�

G

�
,

weneedonlyapplytheinjection (4.3).Theimageof � c isaclassin H2
�
WF; Z( bGsc)

�
,

which determinesan extensionLc of WF by Kc. (For a discussionof local central
characters,see[L3, p. 119–122]and[Bo, p. 43].)

It isinstructiveto describethegroupLc alittle moreconcretely. Giventheinduced
torusZ above,weset

G̃ = (G � Z)=Z(G);

for thediagonalembeddingof Z(G) into G� Z. Theexact sequence

1 ! Z "! G̃ ! Gad ! 1

is thenaz-extension[K1] of theadjoint group Gad. In particular, thederivedgroup
G̃der of G̃ equalsthe original simply connected group G. There is a second exact
sequence

1 ! G ! G̃ "_

! Z_ ! 1;

aswell asanassociatedpair of dualexact sequences

1 ! bGsc ! b̃G b"! bZ ! 1

and

1 ! cZ_
c"_

! b̃G ! bG ! 1:

Let K̃c bethe normalizer of Kc in b̃G. ThenK̃c is theproduct of a compact realform

of b̃G with the center cZ_ . We choosea 1-cocycle zc from WF to bZ that represents� c

undertheisomorphism(4.2).Wecanthentakethesubgroup

Lc = f g � w 2 K̃c o WF : b" (g) = zc(w)g(4.4)

of LG̃ for arealizationof theextension(3.1). Its isomorphismclassisof courseinde-
pendentof thechoiceof zc.

Weareexpecting that thereexistsan “extension” of the family c to G̃. Morepre-
cisely, thereshouldbeacuspidalautomorphicrepresentatioñ� of G̃such thatcisthe
imageof thefamily c̃ = c(�̃ ) undertheprojection from LG̃onto LG. Weassumethat
�̃ exists,andthat its central character on Z(F) n Z(A) extends� c. Thecentral char-
acter of �̃ is thendual (under theLanglandscorrespondencefor tori) to a 1-cocycle
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zc that represents� c, asabove, and from which we canform the group (4.4). We
are alsoassumingthe localLanglandsclassi�cationfor the groupsG̃(Fv). The local
components�̃ v of �̃ thendetermineL-homomorphisms

LFv ! LG̃v:

Now the original condition that c is primiti ve, togetherwith our assumptionthat
functoriality holds,impliesthat �̃ satis�esthegeneralanalogueof Ramanujan'scon-
jecture.To beprecise,theargumentof [L1, p. 56–59](in combinationwith theclas-
si�cation [L3] of arbitrary representationsin termsof temperedrepresentations)can
beusedto provethat thelocalcomponents�̃ v of �̃ areall tempered(up to apossible
twistof �̃ by arealvaluedautomorphiccharacterof Z_ ). For each v, theimageof LFv

is thereforecontainedin thesubgroupK̃co WFv of LG̃v. Our condition on thecentral
character of �̃ impliesthat the imageof Lv in K̃c o WF is containedin thesubgroup
(4.4).Wethereforeobtaina localization(3.2) for each v.

There is a ratherseriousadditionalhypothesisthat hasbeenimplicit in the con-
structionsabove. Weassumethat themappings(3.2)wehave justde�ned are inde-
pendentof thechoiceof �̃ . Thishypothesisappliesalsoto the isomorphismclassof
theextensionLc, de�ned by (4.4)in termsof thecentralcharacterof �̃ . Thatis to say,
weassumethat theoriginal centralcharacter� c on

�
Z(F)nZ(A)

�
G is independentof

theearlier choiceof automorphic representation� with c(� ) = c. Such ahypothesis
is neededin order that the basicobjects (3.1) and (3.2), taken up to isomorphism,
dependonly on c. Weshall discussit brie�y in thenext section.

Wehavenow assembled,undervarioushypotheses,thenecessary ingredientsfor
LF. They are the indexing setCF, theextension(3.1)of WF attachedto each c in CF,
andthe localmapping(3.2) attachedto each c andv. We cannow de�ne LF asthe
�br eproduct

LF =
Y

c2 CF

(Lc ! WF)

of theextensions(3.1). Thisyieldstherequiredextension(3.3)of WF, togetherwith
thelocalembeddings(1.1).

5

Theconstruction wehavegivenfor LF representsthesimplestform thegroup could
possiblytake. It may well turn out to beoverly optimistic. However, asfar asI can
see,theconstruction isnot in con�ic t with any propertiesof automorphic represen-
tations,eitherprovedor conjectured.In anycase,it raisessomeinterestingquestions.

Themostobviousquestionis perhapsthat of why the kernelsKc in (3.1) should
besimply connected. This condition on LF implies that for G and G̃ asin the last
section, any “primiti ve” L-homomorphism

LF ! LG = bGo WF

extendsto an L-homomorphismfrom LF to LG̃. It is moreor lessequivalentto our
assumptionin Section 4 that for any c 2 Cprim (G), there is a cuspidalautomorphic
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representatioñ� of G̃ such that theautomorphic family c̃ = c(�̃ ) projects to c. Why
shouldsuch a �̃ exist?

I do not haveanything particularly usefulto say aboutthequestion.Onecould al-
waysreplaceit with thebroaderquestionof whetherelementsin thelargersetCaut(G)
alsoextendto G̃. In this form, it canbeposedfor theWeil groupWF insteadof LF.
Doesany L-homomorphism� from WF to LG extendto anL-homomorphismfrom
WF to LG̃? Theanswer is yes.For wecanidentify � with anelementin the relevant
cohomology groupH1(WF; bG), which canin turn beplacedin anexact sequence

� � � ! H1(WF; b̃G) ! H1(WF; bG) ! H2(WF; cZ_ ) ! � � �

Labessehasshown that � mapsto zero in H2(WF; cZ_ ), and is hence the imageof

an elementin H1(WF; b̃G) [Lab, Théor�eme7.1]. (The theorem of Labesseholds
if F is replaced by any local or global �eld. Earlier specialcaseswere treated in
[L3, Lemma2.10]and[L6, Lemma4]).

Onecould considerthequestiondirectly in termsof representations.An answer
of sorts would presumablyfollow from somegeneralizationof Lemma6.2of [LL].
This lemmawasusedin [LL] in support of acomparisonof stabletraceformulas,in
thespecialcasethatG = SL(2) andG̃ = GL(2). In general,any comparisonof stable
trace formulaswould begin with an analysisof conjugacyclasses.The analogueof
a tempered,cuspidalautomorphic representationof G would bea strongly regular
conjugacyclassin G(A) that is the imageof an elliptic conjugacyclassin G(F). A
globalL-packetof such representationswouldbeanalogousto acorrespondingstable
conjugacyclass.Thereisof courseanembeddingof G(A) into G̃(A). Onechecksthat
theassociatedmappingof strongly regular, stableconjugacyclassesis injective. This
might beconstruedasheuristic evidence that the transposemappingbetweenclass
functions takesL-packetsof tempered,cuspidal,automorphic representationsof G̃
surjectivelyto thesetof such packetsfor G.

Anotherquestionconcernsthelasthypothesisin Section 4. Wehaveassumedthat
the building blocks (3.1) and (3.2) of LF dependon c alone,and not the choice of
automorphic representation�̃ of G̃. The failure of this hypothesiswould seemto
leaveno alternativebut to enlargetheindexingsetCF, sinceagivenpair (G; c) might
requireseveral indicesto accommodatedifferentfamiliesof localizations(3.2).With
such a change,there could be two primiti ve, locally almosteverywhere equivalent
L-homomorphisms

�; � 0: LF ! LG;(5.1)

correspondingto two differentprimiti vefactorsof LF (overWF). Thiswould becon-
trary to conjecture. Indeed,onecould composeboth � and � 0 with an irreducible,
faithful, �nit e dimensionalrepresentationof LG. The resultingpair of irreducible
representations

r; r 0: LF ! GL(n; C)

would parametrize the samecuspidalautomorphic representationof GL(n), by the
theoremof strongmultiplicit y one,yetwould beinequivalent,by construction. Such
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a property of LF is not to beexpected. For the irreducible,n-dimensionalrepresen-
tation of LF aresupposedto bein bijection with thecuspidalautomorphic represen-
tationsof GL(n). Is thereany way to study thequestion,albeitheuristically, directly
in termsof primiti veautomorphic representationsof thegroupG?

Let us now assumethat the group LF we have de�ned really is the automorphic
Langlandsgroup. Namely, we assumethat for any G, the mapping� ! c(� ) takes
the setof L-homomorphisms� : LF ! LG surjectively to Caut(G). What doesthis
generalhypothesishaveto say aboutautomorphic representations?

It certainly implies functoriality. If � is an L-homomorphism from LG0 to LG
and c0 = c(� 0) belongs to Caut(G0), then c = � (c0) equalsc(� ), where � is the
composition

LF
� 0

! LG0 �
! LG:

Therefore,thegeneralhypothesison LF doesimply that cbelongsto Caut(G).
However, the general hypothesisalsoimpliesthe existenceof someautomorphic

familiesthat cannotbeexplainedsolelyin termsof functoriality. Supposethat � is
anarbitrary L-homomorphismfrom LF to LG. Theconnectedcomponentof 1 in the
imageof � projects to a subgroup of bG. Let bH� be the Zariski closure in bG of this
subgroup. Then bH� is a complex reductive subgroup of bG, which is normalizedby
� (LF). Set

H � = bH� � (LF):

Theprojection of LGonto WF thenyieldsashort exact sequence

1 ! bH� ! H � ! WF ! 1:

Theaction of H � on bH� by conjugation factorsto ahomomorphismfrom � F to the
group of outerautomorphismsof bH� . Thisaction in turn determinesawell de�ned
quasisplitgroupH� overF, for which bH� isacomplex dualgroup. However, H � does
not haveto beisomorphic (overWF) to LH� . Thereneednot beasection WF ! H �

whoseimagegivesan L-action [K2, Section 1] by conjugation on bH� . To attach an
L-group to H � , wecanchooseaz-extension

1 ! Z� ! H̃� ! H� ! 1

of H� over F. Thisgivesriseto a dualL-embeddingof H � into LH̃� , anda diagram
of L-homomorphisms

LF //

�̃

  A
AA

AA
AA

A
H � // LG

LH̃� :

(5.2)

Theearlier discussionimpliesthat the family c(�̃ ) belongs to Caut(H̃� ). It is in fact
thefamily c(�̃ ) wehaveassumedmay beattachedto anelementin Cprim (H̃�; der). Of
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course,theexistenceof c(�̃ ) doesnot alter the fact that LH� neednot embedin LG.
The discussionshows that the automorphic family c(� ) 2 Caut(G) neednot be a
strictly functorial imageof any primiti vefamilyc.

How general is this phenomenon?Supposethat we have a diagram of L-homo-
morphisms

H � � � � ! LG
?
?
y

LH̃;

for a quasisplitgroup H, an extensionH of WF by bH, and a z-extensionH̃ of H.
When canwe expect thosefamiliesc̃ 2 Caut(H̃) that factor through H to map to
familiesc in Caut(G)? It would be interestingto �nd an explanationthat doesnot
relyon the existenceof LF. Theconjectural theory of endoscopy givesan answer in
onecase.It is the casethat H is an endoscopic group, or more generally a twisted
endoscopic group, for G. (See[LS,Section 4.4],[KS,Section 2.2].)

The automorphic Langlandsgroup, in whatever form it might take, would be
assigni�cant for the limits it placeson automorphic representationsasfor what it
impliesabouttheir existence. Thegeneral hypothesison LF above impliesthat any
automorphic family c 2 Caut(G) is of the form c(� ), and hence givesriseto a dia-
gram (5.2). In particular, it impliesthe existenceof the group H � . This wasoneof
the main reasonsfor Langlands's original introduction of a universalautomorphic
group. Theexistence of H � may beregardedasa kind of converseto functoriality.
It meansthat a general family c 2 Caut(G) canbeobtainedfrom a primiti ve family
cprim 2 Cprim (H̃�; der) through a diagram (5.2). Even though (5.2) doesnot always
representanembeddingof L-groups,it isreally onlyamild generalizationof thedata
(2.1)of functoriality.

The existence of the group H � is a fundamentalpremiseof Langlands's recent
paper [L7]. As an essentialsupplementto functoriality, the questionis obviously
very deep. One is tempted to believe that a successfulattack on functoriality will
alsoneedto establishtheexistenceof H � . This is part of theappealof themethods
proposedin [L7], provisionalasthey may be.

6

Langlands'ssecond main reasonfor introducingauniversalautomorphicgroup was
to make precisethe conjectural relationshipbetweenautomorphic representations
andmotives.Thetheory of motivesisdueto Grothendieck. It isbasedon the“stan-
dard conjectures” for algebraiccycles,andincludestheexistenceof auniversalgroup
GF whoserepresentationsclassifymotivesover F. (See[Klei], [S2] and [DM].) We
shall considerthe motivic Grothendieck group only in its simplestform, which is
asa group over C. In other words,we identify GF with its group of complex points
(relativeto theQ-rationalstructurede�ned by a�x edembeddingof F into C). Then
GF isaproalgebraicextensionof � F by aconnected,complex, reductive,proalgebraic
groupG0

F.
By the 1970's Deligne and Langlandswere prepared to conjecture very general
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relationsbetweenmotivesand automorphic representations.Langlandsexpressed
themin theform of aconjecturalmappingfrom theuniversalautomorphicgroup to
themotivic Grothendieck group. In thepresentcontext thisamountsto acontinuous
homomorphismfrom LF to GF, determinedup to conjugation by G0

F, such that the
diagram

LF � � � � ! GF
?
?
y

?
?
y

� F � � � � ! � F

(6.1)

iscommutative. (See[L5, Section 2]. For furtherdiscussionof therelationsbetween
automorphic representationsandmotives,see[C] and[R].)

The tentative construction of LF in Section 4 can be adapted to the motivic
Grothendieck group. In this lastsection, we shall describe a tentative construction
of GF, togetherwith thecorrespondinghomomorphismfrom LF to GF.

Not all automorphic representationscanbeattachedto motives.Let � =
N

v � v

bean automorphic representationof a reductive (quasisplit)group G over F. Since
the localLanglandsconjecture hasbeenestablishedfor archimedean�elds, we can
attach anL-homomorphism

� v : LFv = WFv ! LGv

to each archimedeancomponent� v of � . Supposethat Gder is simply connected.
With this condition, we shall say that � is of type A0 if for every �nit e dimensional
representationr of LG whosekernel containsa subgroup of �nit e index in WF, the
associatedrepresentationsr � � v of archimedeanWeil groupsWFv areof Hodgetype.
In otherwords,therestriction of r � � v to thesubgroup C� of WFv is adirect sumof
charactersof theform

z ! z� pz̄� q; z 2 C� ; p; q 2 Z:

Weshall say thatanautomorphicfamilyc 2 Caut(G) isof thetypeA0 if � isof typeA0,
for any automorphicrepresentation� of Gwith c(� ) = c. It is thesubsetCaut;0(G) of
familiesin Caut(G) of typeA0 that arethought to havemotivic signi�cance.

Themotivic analogueof the Weil group is the Taniyamagroup ([L5, Section 5],
[MS], [D]). In our context of complex motivic groups,the Taniyamagroup is an
extension

1 ! SF ! TF ! � F ! 1

of � F bythecomplexSerregroupSF ([S1], [L5,Section 4], [S2,Section 7]), acomplex
proalgebraictorus.Thereisanatural homomorphism

w ! t(w); w 2 WF;
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fromWF to TF, de�ned up to conjugationin TF by itsconnectedcomponentSF, such
that thediagram

WF //

  A
AA

AA
AA

A
TF

~~~~
~~

~~
~

� F

(6.2)

iscommutative[L5, p. 226–227].Thisisare�ection of thefact that thereisacanon-
ical bijection between(continuous,semisimple)representationsof WF of type A0,
and(proalgebraic)representationsof TF.

WewriteCF;0 for thesetof elementsin CF of typeA0. An elementin CF;0 is thusan
isomorphismclassof pairs(G; c), whereG is a quasisplit,simple,simplyconnected
groupoverF, andc isafamily in

Cprim;0(G) = Cprim (G) \ Caut;0(G):

Supposethat cbelongsto CF;0. That is,c is thesecond componentof arepresentative
(G; c) of an isomorphism classin CF;0. We shall write D c for the complex, simply
connectedgroup bGsc. TheTaniyamagroupTF actson D c through itsprojection onto
� F. Weneedto de�ne anextension

1 ! D c ! Gc ! TF ! 1(6.3)

of TF by D c.
For thegivenelementc 2 CF;0, wechooseaz-extension

1 ! Z "! G̃ ! Gad ! 1

asin Section 4. Wehavealready assumedtheexistenceof anautomorphic represen-
tation �̃ of G̃ such that c is the imageof the family c̃ = c(�̃ ). Weassumeherethat �̃
may bechosento beof typeA0. In particular, weassumethat thecentralcharacterof
�̃ isof typeA0. It followsfrom this that thecorrespondingL-homomorphism

w ! zc(w) � w

fromWF to LZ factorsthrough theTaniyamagroupTF. In otherwords,wecanwrite

zc(w) = � c
�
t (w)

�
; w 2 WF;

for aproalgebraicmorphism� c from TF to bZ such that themappingt ! � c(t) � t is

ahomomorphismform TF to bZ o TF. LetuswriteD̃ c for thecomplex dualgroup b̃G.
Therequiredextension(6.3)canthenbede�ned by

Gc = f g � t 2 D̃ c o TF : b" (g) = � c(t)g:(6.4)
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Theisomorphismclassof Gc overTF isindependentof thechoiceof extensionG̃ ! G
and cocycle zc. Comparing (6.4) with the construction (4.4) of Lc, we seethat the
mapping

g � w ! g � t(w)

is a continuoushomomorphismfrom Lc to Gc that commuteswith the projections
onto � F.

Wehaveassembledthenecessary ingredientsfor atentativede�nition of GF. They
consistof thesubsetCF;0 of CF, andtheextension(6.3) attachedto each c in CF;0. It
remainsonly to de�ne GF astheproalgebraic�br eproduct

GF =
Y

c2 CF;0

(Gc ! TF):(6.5)

Thisyieldsanextension

1 ! DF ! GF ! TF ! 1

of TF by thecomplex, connected,proalgebraicgroup

DF =
Y

c2 CF;0

D c:

Therequiredmapping(6.1)of LF isde�ned in theobviouswayasthe�br eproduct
over (6.2)of thehomomorphismsLc ! Gc.
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