4 Short time existence and curvature estimates

We give a very rough description of how DeTurck’s proof (a.k.a. DeTurck’s
trick) of short time existence of the Ricci flow % gij = —2R;; on closed mani-
folds works. Recall that given a variation % gij = v;; of a metric, the associated
variation of the Ricci tensor is (see equation (10) in lecture 2)

0 . .
—Q&Rij e AL'Uij + VZVJV -V (le ’U)j — Vj (le ’U)i
We search for a flow equivalent to the Ricci flow for which the linearization of
the RHS is given by the laplacian operator. Note that the extra terms on the
RHS may be written as a Lie derivative of the metric

ViV;V =V (dive); — V; (dive), = (Lxg),;

where

X = %VV—divv.

Motivated by the above discussion, given a fixed background Levi-Civita
connection I' of a metric g, we define the Ricci—DeTurck flow by

0
&gij = —2Rij + VZWJ + VJW1 5 (1)
g (0) = 9o,

where the time-dependent 1-form W = W (g) is defined by
Note that if g (s) is a one-parameter family of metrics with
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Js

9ij = Vij
s=0

and if l:‘fj are the Christoffel symbols of g (0), then W (¢ (0)) = 0 and
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s=0

where X = %VV — divwv as above. We compute

0

95 (—2R;; + VW, + V;W;) = Arv;j. (3)

s=0

Exercise 1 Verify formula (3).



From (3) it follows that the Ricci-DeTurck flow is strictly parabolic and that
given any smooth initial metric gg on a closed manifold, there exists a unique
solution g (t) to the Ricci-DeTurck flow with ¢ (0) = go.

Now given a solution of the Ricci-DeTurck flow, we can solve the following
ODE at each point in M :

0 .
Frhda -W (4)

wo = id,

where W* (t) is the vector field dual to W (¢) with respect to g (¢) . Pulling back
g (t) by the diffeomorphisms ¢;, we obtain a solution

g(t) = (p)" g (t) (5)

to the Ricci flow with g (0) = go (see p.81 of [1] for instance). One can also
show that this solution is unique (p. 90 of [1]).

Theorem 2 (Hamilton, DeTurck - Short time existence) If M" is a closed
Riemannian manifold and if go is a C> Riemannian metric, then there exists

a unique smooth solution g(t) to the Ricci flow define on some time interval
[0,6), § > 0, with g (0) = go.

Now recall from (16) in Lecture 1 the evolution of the volume form is

0

—dp=—Rd
gy = —Rdu (6)

and hence Vol () = [}, du satisfies

4ol (g (1) = - / R (7)

We normalize the Ricci flow and consider:

0 . - 2,

&gij = —2R;; + Ergij (8)
where 7 = Vol (g)‘l [ Mn Rdﬂ is the average scalar curvature. Then

Vol (g (t)) = constant . (9)

Exercise 3 Given a solution g (t), t € [0,T), of the Ricci flow, show that the
metrics § (£) = c(t) g (t), where

c(t)#exp(%/otr(T)dT), f(t)#/otc(T)dT

form a solution of the normalized Ricci flow with G (0) = g (0).



The main result which started Ricci flow is the following classification of
closed 3-manifolds with positive Ricci curvature by Hamilton in 1982.

Theorem 4 If (M3, go) is a closed Riemannian 3-manifold with Re (go) > 0,
then there exists a unique solution g (t) of the normalized Ricci flow with g (0) =
go for allt > 0. Ast — oo, the metrics g(t) converge exponentially fast in every
C™-norm to a C*° metric goo with constant positive sectional curvature.

Knowing that we have short time existence, one would like to understand
the long time behavior of the solution. A fundamental tool in this study are
pointwise estimates for the curvature tensor. Before we go to this, we recall that
the Riemann curvature tensor may be considered as bundle map (operator)

Rm : A2M™ — AZM™

defined by
Rm ();; = Rijkecen. (10)

We call Rm the curvature operator. We say that (M™, g) has positive (nonneg-
ative) curvature operator if the eigenvalues of Rm are positive (nonnegative);
we denote this by Rm > 0 (Rm > 0).

In (11) of Lecture 2 we gave the formula for the evolution of Rm. We can
simplify the appearance of this evolution equation as follows. Define the square
of Rm by Rm? = Rmo Rm : A2M™ — A2M™. There is another quadratic related
to the Lie algebra structure on A2M™ 2 50 (n) defined by

U, V], = " (Ui Vej — VieUsy)
for U,V € N’M™. Let {¢*} be a basis of A2’M™ and C$” be the structure

constants defined by
[, %) =Y CePy.
v

The Lie algebra square
Rm# : A2M™ — AZM™
is defined by
(Rm #)aﬁ = Cgécéq Rm e Rm 5¢-
Since Rm is self-adjoint, we can choose {¢®} so that Rm is diagonal. Then
for any 2-form 7, we have (Rm #),5m°n° = (Cg%af Rm ,, Rm s5. Hence, if

Rm > 0, then Rm# > 0 and hence Rm?2 4+ Rm# > 0.
The evolution equation for Rm may be rewritten as:

Lemma 5

%Rm:ARm+Rm2+Rm#. (11)




Rm is a section of the bundle 7 : A2M™®gA2M™ — M, which has a natural
bundle metric and connection induced by the Riemannian metric and connection
on TM. Let 71 (z) denote the fiber over x. For each z € M, consider the
system of ODE on 7! () corresponding to the PDE (11) obtained by dropping
the laplacian term:

d
—M = M? + M# (12)
dt

where M € 77! (x) is a symmetric N x N matrix, where N = @ =

dim so (n) . The maximum principle for systems says the following. A set K in a
vector space is said to be convex if for any X, Y € K, we have sX+(1 —s)Y € K
for all s € [0,1]. A subset K of the vector bundle F is said to be invariant under
parallel translation if for every path v : [a,b] — M and vector X € K N E, ),
the unique parallel section X (s) € E,(s), s € [a,b], along vy (s) with X (a) = X
is contained in K.

Theorem 6 Letg(t),t € [0,T), be a solution to the Ricci flow on a closed man-
ifold M™. Let K C E be a subset which is invariant under parallel translation
and whose intersection K, = K N E, with each fiber is closed and convexr. Sup-
pose the ODE (12) has the property that for any M (0) € K, we have M (t) € K
for allt €]0,T). If Rm (0) € K, then Rm (t) € K for allt € [0,T).

By (11), we have the following.

Corollary 7 (Positive (nonnegative) curvature operator is preserved)
If (M™,g(t)), t € [0,T), is a solution to the Ricci flow on a closed manifold
with Rm (g (0)) > 0 (or Rm (g (0)) > 0), then Rm (g (¢)) >0 (or Rm (g (¢)) > 0)
for all t €10,T).

In dimension 3, if M (0) is diagonal, then M (¢) stays diagonal under the
ODE. Let Ay (M) < A2 (M) < A3 (M) be the eigenvalues of M. Under the ODE
the ordering of the eigenvalues is preserved and we have

A

— = AT+ X2

dt 1+ 213

Do

— = A5+ A 13
dt 2+ 113 ( )
ds

— = A5+ Ao

dt 3+ 112
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