7. LECTURE #6:GLOBAL WELL-POSEDNESS FOR THE H!(R™) CRITICAL NLS -PART I

We recall that the H' critical exponent for (1) is p = 1 + %. We also recall the following
theorem that can be basically completely proved using either directly or indirectly theorems and
arguments already presented in Lecture #4 and Lecture #5:

Theorem 7.1. [Local or global small data well-posedness for the H' critical NLS] We have the
following two results:

(1) For any ug € H' there exist T = T(up) and a unique solution u € S[1T7T] to (1) with

p=1+ ﬁ and p = £1. Moreover there is continuity with respect to the initial data.
(2) There exists € small enough such that for any ug, ||ug||g1 < € there exists a unique global
solution u € S to (1) withp =1+ % and p = £1. Moreover there is continuity with

respect to the initial data and scattering in the sense that there exists u+ € H' such that
lu(t) = S(t)us||gn — 0 as t — too.

Proof. 1t is clear that the part about well-posedness is a summary of what has been proved in
Lecture #4. The part about scattering instead can be proved as in Lecture #5 and by simply
observing that Proposition 6.16 follows directly from the well-posedness proof thanks to the
small data assumption. ]

Remark 7.2. We first remark that this theorem doesn’t see the focusing or defocusing nature of
the equation. This clearly means that in Theorem 7.1 the NLS is treat as a “small” perturbation
of the linear problem. Due to the criticality of the problem and hence the fact that 1" depends
also on the profile of the initial data an iteration argument based on the conservation of mass
and energy is not possible. It is also clear that even increasing the regularity of the data the
large data problem doesn’t become any easier.

The first break through on this problem is due to Bourgain [13]. He considers the defocusing
case with n = 3,4 and assumes radial symmetry for the problem. He proves the second part of
Theorem 7.1 for arbitrarily large radially symmetric data. Here we summarize the main steps
of Bourgain’s proof for n = 3, which doesn’t really do justice to the novelty and depth of the
proof itself. The background argument is done by induction on the size of the energy F, the
only quantity, besides the mass that here doesn’t play much of a role, that remains controlled
over time. From Theorem 7.1 the first step of the induction (small E) is in place. Let’s now
assume the second induction assumption that if £ < FEg then the theorem is true. We take
E = Fy and we want to prove that also in this case the theorem is true. One first shows that the
theorem follows if and only if a priori one knows that the norm L{°L!% of the solution remains
bounded (see Theorem 4.8). Then the proof proceeds by contradiction. One supposes that there
is a solution u such that [lu[|gjop10 is arbitrarily large and E2 = Eo. The heart of the proof is

on showing that at some time ¢y there is concentration of the H' norm: There exists a small
ball centered at the origin By such that [|u(to)|| g1 (py) > J, and this ball is “sufficiently isolated”
from the rest of the solution . It is here that the radial assumption is used. At this point one
restarts the evolution at time ¢y by splitting the data as

Yo = u(to)xs, and ¥1=u(to)(1— xa,),
where xp, is the indicator function for the ball By, and evolving ¢ with NLS and ; with

a difference equation so that the sum of the two evolutions give the solution to NLS. Since
now g € H' and xp € L? it follows?® that the evolution v of 1y is global in time. Moreover

25This result is for example proved in [19] as a consequence of the pseudo-conformal transformation and a
monotonicity formula linked to it.
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since E(ig) ~ 62 it follows that E(y1) < Ep — 62. Hence for the difference equation we are
in the induction assumption. This is not quite like to have the equation under the induction
assumption, but with some relatively straightforward perturbation theory?® one also gets that
the evolution w of 7 is global. Hence we have a global evolution for the solution u = v + w to
NLS and as a consequence a uniform bound for [[u|[z10710 which is a contradiction.

Almost at the same time, with the same radial symmetry assumption above, Grillakis [41]
proved a slighter weaker result than Bourgain’s, namely existence and uniqueness for smooth
global solution. It took few more years to remove the radial assumption and obtain the following
theorem and its corollary [29]:

Theorem 7.3. For any uy with finite energy, E(up) < oo, there exists a unique®” global solution
ue CYHL) NLE, to (1) withp =5,n=3,u =1 such that

(129) / / lu(t, 2)|'° daxdt < C(F(up)).
o0 JR3
for some constant C(E(uop)) that depends only on the energy.

As one can see from Theorem 4.8 and from the arguments in Lecture #5, the Ltl’% bound
above also gives scattering and and persistence of regularity:

Corollary 7.4. Let ug have finite energy. Then there exist finite energy solutions uy(t,x) to
the free Schrédinger equation (i0; + A)ur = 0 such that

lut(t) —u(t)|| 71 — 0 as t — Foo0.

Furthermore, the maps ug — u+(0) are homeomorphisms from H'(R3) to H'(R3). Finally, if
ug € H* for some s > 1, then u(t) € H® for all time t, and one has the uniform bounds

sup [[u(t)]|ms < C(E(uo), s)l[uol ms-
teR

Most of the rest of this lecture and Lecture # 7 will be devoted to give an idea of the proof
for Theorem 7.3. Still for the defocusing case and for n > 3 we recall first the result of Tao [70],
where an equivalent of Theorem 7.3 is proved still under the radial assumption, the result of
Ryckman and Visan [67] for n = 4, where the radial assumption is removed, and finally the full
generalization for any n > 5 by Visan [74].

The situation in the focusing case was first considered successfully by Kenig and Merle. They
prove the following theorem [50]:

Theorem 7.5. Assume that E(ug) < E(W),||uollgn < [[W]l g1, where n = 3,4,5 and ug is
radial and W is the stationary solution (soliton). Then the solution u to the critical H?' focusing
IVP (1) with data uy at t = 0 is defined for all time and there exists ux € H* such that

[S(t)us — u<t)HH1 — 0 ast — +oo.

Moreover for ug radial, E(ug) < E(W), but ||ug|| g1 > [|W|| g1, the solution must break down in
finite time.

This result has been extend in every dimension and for general data in [54]. Moreover a
similar result has been proved by Kenig and Merle for the critical wave equation without the
radial assumption [51], see also [52]. The proof of Theorem 7.5 introduces a new point of view for
these problems. Using a compensated compactness argument the authors reduce matters to a

26That works tanks to the fact that the ball is “sufficiently” isolatd from the rest of the solution.

2T fact, uniqueness actually holds in the larger space C{ (H 1) (thus eliminating the constraint that u € Ltmx)
[29].
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rigidity theorem, which is proved with the aid of a localized virial identity (in the spirit of Merle
[59, 60]). The radiality enters only in the proof of the rigidity theorem. In the case of the critical
wave equation other consideration of elliptic nature are used to remove the radial assumption.
The authors also use in their approach a profile decomposition proved in the context of the
Schrodinger equation by Keraani [53].

7.6. Idea of the proof of Theorem 7.3. To give a complete proof of this theorem in less
than two lectures is impossible, so we will first outline the idea of the proof and then we only
show rigourously few parts of it.

First the naive approach: We follow the strategy of induction/contraddiction introduced by
Bourgain. We define E..;; the critical energy below which the L{°L1% norm of a solutions stays
bounded by some constant depending on the energy. We then identify a smooth minimal energy
blow up solution u of energy FE..;; such that

(130) Jullgorso > M,

where M is as large as we please. For this solution we then show a series of properties that at
the end will actually give

(131) ||u||Lt10L3150 S C(Ecrit)a

contradicting (130).
This is in order the summary of the properties we prove for the minimal energy blow up
solution on a fixed (compact) interval of time I:

(1) Frequency and space localization: For each ¢ € I there exists N(¢) > 0 and x(t) € R3
such that a(t) is mostly supported at frequency of size proportional to N(t) and u(t) is
mostly supported on a ball centered at x(¢) and radius proportional to ﬁ To prove
the frequency localization part one uses the intuition that the minimal energy blow up
solution u, at a given time ¢y, cannot have two components w_ and uy which Fourier
transforms are supported respectively in [{| < N and || > KN, K >> 1, and such that
both pieces carrie a large amount of energy. The reason for this is that the energy relative
to u— will make the energy relative to uy smaller than E..;; and viceversa. Hence both
u— and w4 can flow globally. On the other hand if K is large enough their nonlinear
interaction is basically negligible, hence perturbation says that basically v ~ u_ + w4,
hence u exists globally and its L;°Ll? norm is uniformly bounded, a contradiction. A
similar, but just a bit more complicated, argument gives also space localization.

(2) Frequency localized interaction Morawetz inequality: As we mentioned several
times whenever a problem is not a perturbation of the linear one, like the critical ones
for example, in order to obtain a global statement we need to have a global space-time
bound. We learned that the Morawetz estimates for the defocusing problem and the
Viriel identity for the focusing one are the types of estimates that we want to have.
Bourgain in fact used the classical Morawetz estimate that appears in (30) with p = 5.
Here the presence of the denominator forced the radial symmetry. Here instead we
would like to use the Interaction Morawetz estimate (116). This is weaker in the sense
that we only have the fourth power, but it is also stronger since we do not have a
denominator. We keep in mind that our final goal is to show boundedness of the L}OL}CO
norm of the minimal energy blow up solution u so we need to upgrade the L%Li norm. We
believe that for the low frequencies, where the energy is very small thanks to localization,
Strichartz estimates will be enough to give us the bound in the L}OL;O norm. For the
high frequencies we also have small energy, but we expect that the Strichartz estimates
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are too weak here. So the idea is to first prove (116) for the high frequency part of the
solution. We have for all N, < Npin

// |Psn,u(t,)|* dedt < m N3,
I

where Ny, = infyer N(t) for which one can prove Ny, > 0 and 7n; is a small quantity.
Note that the quantities appearing in the right hand side of (132) are independent of I.
Uniform boudedness of time interval I: Assuming that N(¢) doesn’t run to infinity,
use the L}L} bound, which is uniform in I, to get a uniform bound on the length of
time interval I itself. With this information now, since most of the solution remains
on a uniformly bounded frequency window, perturbation will provide the final uniform
bound for the LIYL1% norm.

Uniform Boudedness of N(¢): We mentioned above that there exists Ny, such that
0 < Npin < N(t), and this in not hard to prove. In fact by rescaling® one can assume
that

Npin = 1.
The difficult part is to show that there exists N,,q, < 00 such that
N(t) < Npaz-

Again by contradiction one assumes that given R >> 1 there exists tg such that N(tg) >
R and by definition most of the energy is located on frequencies R < N(tgr) < |£]. But
then one can prove by a simple application of the “I-method” that although the energy
has migrated on very large frequencies, some littering of mass has been left on medium
frequencies. But mass on medium frequencies is equivalent to energy, hence there is
some significant energy left over on medium frequencies. If them R is large enough these
two pieces of the solution u, the one at very high frequencies and the one at medium
frequencies, are very separated and each has a significant amount of energy. But this
cannot happen for a energy critical blow up solution. Hence N4, must be bounded.

In order to proceed with the outline given above we use heavily Strichartz estimates (12) and (13),
improved bilinear estimate (14) and multilinear estimates of different kinds. A very important
tool that was mentioned often above is the theory of perturbation that in practice is made of
a serious of perturbation lemmas. These lemmas are particularly useful when we have to claim
that if u is a solution to NLS and v is a solution of an equation which is a small perturbation of
NLS, then v and v are close to each other and if one exists the other does too. Here we report
two examples of such lemmas.

Lemma 7.7 (Short-time perturbations). Let I be a compact interval, and let u be a function
on I x R? which is a near-solution to (1) with p=>5 and u =1 in the sense that

(133)

1
(i + S A)i = i+ e

for some function e. Suppose that we also have the energy bound

HWL;OH;(IXW) <E

for some E > 0. Let ty € I, and let u(ty) be close to u(ty) in the sense that

(134)

Juto) — alto)ll g, < E

28Gince the problem is H' critical and we only use the energy, nothing will change by rescaling!
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for some E' > 0. Assume also that we have the smallness conditions

(135) ||Vﬂ||Lt10L20/13(1><R3) < ¢
(136) Ve =202 u(to) — ato))| g0 30113 1oy < €
(137) ||V6HL?L2/5 S €

for some 0 < € < €y, where € is some constant ¢ = ¢o(E, E') > 0.
We conclude that there exists a solution u to (1) with p =5 and u = 1 on I x R? with the
specified initial data u(ty) at ty, and furthermore

(138) lu— il g1 gy S B
(139) lullgsrpe) S B+ E
(140) Hu - ﬂ||L%9z(IXR3) S ||V('LL - a)HLthLio/l?’([x]W) 5 €

) 1 _
(141) HV(Z(% + iA)(u — u)HLfLi/S(IX]RS) ,S €.

Note that u(tg) — u(tp) is allowed to have large energy, albeit at the cost of forcing e to be
smaller, and worsening the bounds in (138). From the Strichartz estimate (12), we see that the
hypothesis (136) is redundant if one is willing to take E' = O(e).

Proof. By the well-posedness theory presented in Lecture #4, it suffice to prove (138) - (141) as
a priori estimates?®. We establish these bounds for ¢ > g, since the corresponding bounds for
the t < to portion of I are proved similarly.

First note that the Strichartz estimate (12) and (13) give,

@l g1 (rxmsy S B+ llallLio (1xms) - ||ﬂ||f1g1(lxR3) +e.

By (135) and Sobolev embedding we have HﬂHL}O,(Ixu@) < gg. A standard continuity argument
in I then gives (if g¢ is sufficiently small depending on E)
(142) llga g o) S -

Define v := u — @. For each t € I define the quantity

. 1
S(t) = ”V(’Lat + EA)UHL,%Lg/S([tO,t}XRi’)'

From using again Strichartz estimates and the definition of S*, (136), we have

(gL
(143) 1900130713 gy sy 190 = €38 0(t0))I| 1o 30733 1 e
- 1
i ||Vel(t_t0)QAU(tO)||L%0Lio/13([to,t]><R3)
g HU _ ei(t_to)%A’U(tO)H,S"l([to,t]XR:g) + 9
(144) < S(t) +e.

On the other hand, since v obeys the equation

5
1 . )
(10 + §A)v =@ +v[*(@+v)—|a'u—e = g D7) —e
i=1

29T hat is, we may assume the solution u already exists and is smooth on the entire interval I.
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where O(v1, v, v3,v4,v5) denotes any combination of v; and v;. By some standard multilinear
estimates, (135), (137), (144) then

If £ is sufficiently small, a standard continuity argument then yields the bound S(¢) < e for all
t € I. This gives (141), and (140) follows from (144). Applying Strichartz inequalities again,
(134) we then conclude (138) (if ¢ is sufficiently small), and then from (142) and the triangle
inequality we conclude (139). O

We will actually be more interested in iterating the above Lemma?®’ to deal with the more
general situation of near-solutions with finite but arbitrarily large L{% norms.

Lemma 7.8 (Long-time perturbations). Let I be a compact interval, and let @ be a function on
I x R3 which obeys the bounds

(145) 1@l 210 (1xrs) < M
and
(146) @l Lo gz (rxmsy < B

for some M,E > 0. Suppose also that @ is a near-solution to (1) with p =5 and p =1 in the
sense that it solves (133) for some e. Let ty € I, and let u(ty) be close to u(ty) in the sense that

luto) — alto)ll g < F
for some E' > 0. Assume also that we have the smallness conditions,

30/13 3

i(t—tn) L ~
(147) ||v67,(t tO)gA(u(to) — u(to))HL%OLz (IxR3) <

Vel 2

L2LS/°(IxR3) <
for some 0 < & < g1, where €1 is some constant €1 = e1(E, E', M) > 0. We conclude there exists
a solution u to (1) with p =5 and = 1 on I x R3 with the specified initial data u(ty) at to,
and furthermore

||U - a”sq(lxﬂ{:%) S C(M7 Ea E/)
Huusl([x]}@) é C(MaEaE/)
ol 30 1y < 190~ D)l 03015 g ) < OO, B, B

Once again, the hypothesis (147) is redundant by the Strichartz estimate if one is willing to
take E' = O(e); however it will be useful in our applications to know that this Lemma can
tolerate a perturbation which is large in the energy norm but whose free evolution is small in
the L%OW:EI’SO/B norm.

This lemma is already useful in the e = 0 case, as it says that one has local well-posedness in
the energy space whenever the L%BE norm is bounded; in fact one has locally Lipschitz dependence
on the initial data. For similar perturbative results see [13], [12].

30We are grateful to Monica Visan for pointing out an incorrect version of Lemma 7.8 in a previous version of
this paper, and also in simplifying the proof of Lemma 7.7.
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Proof. As in the previous proof, we may assume that tg is the lower bound of the interval I. Let
g0 = €0(E,2E") be as in Lemma 7.7. (We need to replace E’ by the slightly larger 2E’ as the
H'! norm of u — @ is going to grow slightly in time.)

The first step is to establish a S* bound on 4. Using (145) we may subdivide I into C/(M, &)

time intervals such that the L%gj norm of @ is at most gy on each such interval. By using (146)

and Strichartz estimates, as in the proof of (142), we see that the S norm of @ is O(E) on each
of these intervals. Summing up over all the intervals we conclude

||a”S1(]><R3) S C(Ma Ea 50)

and in particular

30/13

||Vﬂ||LtIOLz (IxR3) < C(M, E, 50).

We can then subdivide the interval I into N < C(M, E, gg) subintervals I; = [T}, Tj11] so that
on each I; we have,

Hva”L%OLiO/lg(IjXRS) < gp.
We can then verify inductively using Lemma 7.7 for each j that if e; is sufficiently small de-
pending on €9, N, E, E’, then we have

llu — ﬂ”Sl(Ijx]Rfi) < C(j)El
Julls 1,z < CG)(E' + B)

[V (u— a)HL%OLZ;O/B(IjXRs) < C(j)e
. 1 - .
”V(Zat + §A)(u - u)HL%Lg/S(IjXRS) S C(])E
and hence by Strichartz we have
i(t—T:. 1)L -
[VE=T38 (T3 41) — AT 1) g0 307131
(T )1 - .
S ||veZ(t TJ)QA(U(T]) - u(j—‘j))HL%OLiO/B(IXR:a) + C(])€

and

[u(Tj1) — u(Tjra)ll g < NwlTy) — a(T5)]| g + C(G)e
allowing one to continue the induction (if &1 is sufficiently small depending on E, N, E’, &,
then the quantity in (134) will not exceed 2E’). The claim follows. O
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8. LECTURE #7:GLOBAL WELL-POSEDNESS FOR THE H'(R") CRITICAL NLS -PART II

We start by recalling the critical H' defocusing IVP for which we want to prove global well-
posedness and scattering for large data:

iup + 3Au = |u*u
u(0,x) = up(x).

where u(t, x) is a complex-valued field in spacetime R; x Ri. This equation has as Hamiltonian,

(148)

(149) E(u(t)) = /;|Vu(t,1:)|2 + é|u(t, )| da.

We now outline the proof of Theorem 7.3, breaking it down into a number of smaller propo-
sitions.

8.1. Zeroth stage: Induction on energy. The first observation is that in order to prove
Theorem 7.3, it suffices to do so for Schwartz solutions. Indeed, once one obtains a uniform
Ltlgc(l x R3) bound for all Schwartz solutions and all compact I, one can then approximate
arbitrary finite energy initial data by Schwartz initial data and use Lemma 7.8 to show that
the corresponding sequence of solutions to (148) converge in the homogeneous Strichartz space
S1(I x R3) to a finite energy solution to (148). We omit the standard details.

For every energy E > 0 we define the quantity 0 < M (FE) < +oo by

M(E) := sup{[lullz10 1, xr3)}

where I, C R ranges over all compact time intervals, and u ranges over all Schwartz solutions
to (148) on I, x R? with E(u) < E. We shall adopt the convention that M (E) = 0 for E < 0.
By the above discussion, it suffices to show that M (FE) is finite for all E.

In the argument of Bourgain [13] (see also [12]), the finiteness of M (FE) in the spherically
symmetric case is obtained by an induction on the energy F; indeed a bound of the form

M(E) < C(E’nvM(E - 774))

is obtained for some explicit 0 < n = n(E) < 1 which does not collapse to 0 for any finite F,
and this easily implies via induction that M (F) is finite for all E. Our argument will follow
a similar induction on energy strategy, however it will be convenient to run this induction in
the contrapositive, assuming for contradiction that M (F) can be infinite, studying the minimal
energy F..;; for which this is true, and then obtaining a contradiction using the “induction
hypothesis” that M (F) is finite for all E < E..;;. This will be more convenient for us, especially
as we will require more than one small parameter 7.

We turn to the details. We assume for contradiction that M (E) is not always finite. From
Lemma 7.8 we see that the set {E : M (F) < oo} is open; clearly it is also connected and contains
0. By our contradiction hypothesis, there must therefore exist a critical energy 0 < Eopjp < 00
such that M(E.) = 400, but M(F) < oo for all E < E¢4. One can think of E..; as the
minimal energy required to create a blowup solution. For instance, we have

Lemma 8.2 (Induction on energy hypothesis). Let tg € R, and let v(tg) be a Schwartz function
such that E(v(tg)) < Eeit —n for some n > 0. Then there exists a Schwartz global solution
v: Ry x R — C to (148) with initial data v(to) at time t = to such that vl 210 mxrs)y <
M(Ezi —n) = C(n). Furthermore we have ||U||S1(R><]R3) < C(n).

Indeed, this Lemma follows immediately from the definition of E..;; and Theorem 4.8. As in

the argument in [13], we will need a small parameter 0 < n = n(E¢i;) < 1 depending on Ep.
43
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In fact, our argument is somewhat lengthy and we will actually use seven such parameters
I>n>m>n>n>n>n>>n > 0.

Specifically, we will need a small quantity 0 < 19 = no(Eerit) < 1 assumed to be sufficiently
small depending on E.;;. Then we need a smaller quantity 0 < 1y = n1(n0, Ferit) < 1 assumed
sufficiently small depending on FE i, no (in particular, it may be chosen smaller than positive
quantities such as M (Eqx — n3°°) ). We continue in this fashion, choosing each 0 < n; <1
to be sufficiently small depending on all previous quantities no,...,n;—1 and the energy FEci,
all the way down to 7g which is extremely small, much smaller than any quantity depending
on E..i,n0,...,n5 that will appear in our argument. We will always assume implicitly that
each 7; has been chosen to be sufficiently small depending on the previous parameters. We will
often display the dependence of constants on a parameter, e.g. C(n) denotes a large constant
depending on 7, and ¢(n) will denote a small constant depending upon 1. When 1y > 1y, we
will understand ¢(n1) > ¢(n2) and C(n1) < C(n2).

Since M (E¢it) is infinite, it is in particular larger than 1/ng. By definition of M, this means
that we may find a compact interval I, C R and a smooth solution u : I, x R3 — C to (148)
with Eepit/2 < E(u) < Eepi so that u is ridiculously large in the sense that

(150) et 20, 1. i) > 1/

We will show that this leads to a contradiction®'. Although u does not actually blow up (it is
assumed smooth on all of the compact interval I,), it is still convenient to think of u as almost®?
blowing up in Ltlgc in the sense of (150). We summarize the above discussion with the following,

Definition 8.3. A minimal energy blowup solution of (148) is a Schwartz solution on a time
interval I, with energy?3,

1 1 1
(151) yEert < B@)(®) = [ 51Vu(t.o) + Gult,2)[* do < Eory

and Lglc?t norm enormous in the sense of (150).

We remark that both conditions (150), (151) are invariant under the scaling (66) (though of
course the interval I, will be dilated by p? under this scaling). Thus applying the scaling (66)
to a minimal energy blowup solution produces another minimal energy blowup solution. Some
of the proofs of the sub-propositions below will revolve around a specific frequency N; using
this scale invariance, we can then normalize that frequency to equal 1 for the duration of that
proof. (Different parts of the argument involve different key frequencies, but we will not run
into problems because we will only normalize one frequency at a time).

Henceforth we will not mention the FE..;; dependence of our constants explicitly, as all our
constants will depend on FE..;;. We shall need however to keep careful track of the dependence
of our argument on 7, ...,ns. Broadly speaking, we will start with the largest n, namely 7y,
and slowly “retreat” to increasingly smaller values of 7 as the argument progresses (such a
retreat will for instance usually be required whenever the induction hypothesis Lemma 8.2 is

31Assuming7 of course, that the parameters no,...,ns are each chosen to be sufficiently small depending on
previous parameters. It is important to note however that the n; cannot be chosen to be small depending on the
interval I, or the solution u; our estimates must be uniform with respect to these parameters.

32For instance, v might genuinely blow up at some time T%x > 0, but I, is of the form I. = [0, T\ — €] for some
very small 0 < € < 1, and thus v remains Schwartz on I, x R3.

33We could modify our arguments below to allow the assumption here E(u) = Eeqi. For example, the

arguments in the proof of Proposition 8.5 below also show that the function M(s) := supg,y—{/|ulz10,} is a

nondecreasing function of s. On first reading, the reader may imagine E(u) = E¢p;¢ in Definition 8.3.
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invoked). However we will only retreat as far as 75, not 7, so that (150) will eventually lead to
a contradiction when we show that

|’u“Ltl?I(]*><R3) < 0(7707 o ’775)'

Together with our assumption that we are considering a minimal energy blowup solution u
as in Definition 8.3, Sobolev embedding implies the bounds on kinetic energy

(152) [l oo 11 1, xmey ~ 1

and potential energy

(153) lull Loz (1. xr3) S 1

(since our implicit constants are allowed to depend on E..;). Note that we do not presently
have any lower bounds on the potential energy, but see below.

Having displayed our preliminary bounds on the kinetic and potential energy, we briefly dis-
cuss the mass [ps |u(t,z)|? dx, which is another conserved quantity. Because of our a priori
assumption that u is Schwartz, we know that this mass is finite. However, we cannot obtain
uniform control on this mass using our bounded energy assumption, because the very low fre-
quencies of v may simultaneously have very small energy and very large mass. Furthermore it is
dangerous to rely too much on this conserved mass for this energy-critical problem as the mass
is not invariant under the natural scaling (66) of the equation (indeed, it is super-critical with
respect to that scaling). On the other hand, from (152) we know that the high frequencies of u
have small mass:

1
(154) ||P>Mu||L2(]R3) 5 M for all M € 2Z.

Thus we will still be able to use the concept of mass in our estimates as long as we restrict our
attention to sufficiently high frequencies.

8.4. First stage: Localization control on u. We aim to show that aminimal energy blowup
solution as in Definition 8.3 does not exist. Intuitively, as we already mentioned in Lecture #6,
it seems reasonable to expect that a minimal-energy blowup solution should be “irreducible” in
the sense that it cannot be decoupled into two or more components of strictly smaller energy
that essentially do not interact with each other (i.e. each component also evolves via (148)
modulo small errors), since one of the components must then also blow up, contradicting the
minimal-energy hypothesis. In particular, we expect at every time that such a solution should
be localized in both frequency and space.

The first main step in the proof of Theorem 7.3 is to make the above heuristics rigorous for
our solution u. Roughly speaking, we would like to assert that at each time ¢, the solution w(t)
is localized in both space and frequency to the maximum extent allowable under the uncertainty
principle (i.e. if the frequency is localized to N(t), we would like to localize u(t) spatially to the
scale 1/N(t)).

These sorts of localizations already appear for instance in the argument of Bourgain [13],
[12], where the induction on energy argument is introduced. Informally®*, the reason that we
can expect such localization is as follows. Suppose for contradiction that at some time ty the
solution u(tp) can be split into two parts u(tg) = v(tp) + w(ty) which are widely separated in
either space or frequency, and which each carry a nontrivial amount O(n®) of energy for some

34The heuristic that minimal energy blowup solutions should be strongly localized in both space and frequency
has been employed in previous literature for a wide variety of nonlinear equations, including many of elliptic or
parabolic type. Our formalizations of this heuristic, however, rely on the induction on energy methods of Bourgain
and perturbation theory, as opposed to variational or compactness arguments. This last one indeed is the method
used in [50, 51].
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15 <1 < ng. Then by orthogonality we expect v and w to each have strictly smaller energy than
u, e.g. E(v(to)), E(w(ty)) < Eerit — O(n®). Thus by Lemma 8.2 we can extend v(t) and w(t) to
all of I, x R? by evolving the nonlinear Schrédinger equation (148) for v and w separately, and
furthermore we have the bounds

”UHL%%(I*XR%? Hw||L%?T(I*><R3) < M(Eerit — 0(770)) < C(n).

Since v and w both solve (148) separately, and v and w were assumed to be widely separated,
we thus expect v + w to solve (148) approzimately. The idea is then to use the perturbation
theory from Lecture #6 to obtain a bound of the form [lu[| 10 (7, xgs)y < C(n), which contradicts

(150) if ng is sufficiently small.

As recalled in Lecture #6, model example of this type of strategy occurs in Bourgain’s argu-
ment [12], where substantial effort is invested in locating a “bubble” - a small localized pocket
of energy - which is sufficiently isolated in physical space from the rest of the solution. One
then removes this bubble, evolves the remainder of the solution, and then uses perturbation
theory, augmented with the additional information about the isolation of the bubble, to place
the bubble back in. We will use arguments similar to these in the sequel, but first we need
instead to show that a solution of (148) which is sufficiently delocalized in frequency space is
globally spacetime bounded. More precisely, we have:

Proposition 8.5 (Frequency delocalization implies spacetime bound). Let n > 0, and suppose
there exists a dyadic frequency Ny, > 0 and a time tg € I, such that we have the energy separation
conditions

(155) [ P<ny,u(to)ll gri sy = 1
and
(156) 1P ke () i wl(t0) | 1 sy 2 -

If K(n) is sufficiently large depending on n, i.e.
K(n) = C(n)

then we have
(157) [ullz10 (1, xr3) < C ().

Clearly the conclusion of Proposition 8.5 is in conflict with the hypothesis (150), and so we
should now expect the solution to be localized in frequency for every time ¢. This is indeed the
case:

Corollary 8.6 (Frequency localization of energy at each time). A minimal energy blowup solu-
tion of (148) (see Definition 8.3) satisfies: For every time t € I, there exists a dyadic frequency
N(t) € 2% such that for every ns < n < no we have small energy at frequencies < N (t),

(158) | P<copnyu®)llgn <m,
small energy at frequencies > N (t),
(159) | P>cmn@mu®)ll g <n,

and large energy at frequencies ~ N (t),

(160) I Pemyn )y <-<cmn )l g ~ 1.
Here 0 < ¢(n) < 1 < C(n) < oo are quantities depending on 1.
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Informally, this Corollary asserts that at every given time ¢ the solution w is essentially
concentrated at a single frequency N(¢). Note however that we do not presently have any
information as to how N (t) evolves in time; obtaining long-term control on N (t) will be a key
objective of later stages of the proof.

Proof. For each time t € I,, we define N(t) as
N(t) := sup{N € 2% : | P<nu(t)|| gn < mo}-

Since u(t) is Schwartz, we see that N(t) is strictly larger than zero; from the lower bound in
(152) we see that N(t) is finite. By definition of N(t), we have

| P<an(eyw(®)ll g1 > m0-

Now let 75 < n < 19. Observe that we now have (159) if C(n) is chosen sufficiently large, because
if (159) failed then Proposition 8.5 would imply that [[u[| 10 (7, xgs)y < C(n), contradicting (150) if

ne is sufficiently small. In particular we have (159) for n = ng. Since we also have (158) for n = 79
by construction of N(t), we thus see from (152) that we have (160) for n = ny, which of course
then implies (again by (152)) the same bound for all n5 < n < 9. Finally, we obtain (158) for
all ns < n < ng if ¢(n) is chosen sufficiently small, since if (158) failed then by combining it with
(160) and Proposition 8.5 we would once again imply that ||ul| LI (I xR3) < C(n), contradicting

(150). O

Having shown that any minimal energy blowup solution u must be localized in frequency at
each time, we now turn to showing that such a wu is also localized in physical space. This turns
out to be somewhat more involved, although it still follows the same general strategy. We first
borrow a useful trick from [13]; since u is Schwartz, we may divide the interval I, into three
consecutive pieces I, := I_ U Iy U I where each of the three intervals contains a third of the
Ltlg density:

1
/ lu(t, 2)["° ddt = / / ult, )10 dadt for I = 1, Io, .
rJrs 3Jr. Jre
In particular from (150) we have
(161) [ullzto, (rxrsy 2 1/ne for I =1, o, I+

Thus to contradict (150) it suffices to obtain L%gs bounds on just one of the three intervals I_,
Ip, I4.

It is in the middle interval Iy that we can obtain physical space localization; this shall be
done in several stages. The first step is to ensure that the potential energy [ps [u(t,z)|® da is
bounded from below.

Proposition 8.7 (Potential energy bounded from below). For any minimal energy blowup
solution of (148) (see Definition 8.8) we have for all t € Iy,

(162) [w(®)|[zs = m.

The proof of this proposition is inspired by a similar argument of Bourgain [13]. Using (162)
and some simple Fourier analysis, we can thus establish the following concentration result:

Proposition 8.8 (Physical space concentration of energy at each time). Any minimal energy

blowup solution of (148) satisfies: For everyt € Iy, there exists an x(t) € R® such that

(163) / Vult,2)? do 2 c(m)
lz—2(t)|<C(m)/N(t)
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and

(164) / fu(t, )P dz = c(m)N(t)5~
lx—x(t)|<C(m)/N(t)

for all 1 < p < oo, where the implicit constant can depend on p. In particular we have

(165) Ju(t,2)|® da 2 c(m),

/Izﬂc(t)ISC(m)/N(t)

Similar results were obtained in [13], [41] in the radial case; see also [9]. Informally, the above
estimates assert that u(t,z) is roughly of size N(t)'/? on the average when |z — z(t)] < 1/N(t);
observe that this is consistent with bounded energy (152) as well as with Corollary 8.6 and the
uncertainty principle.

It turns out that in our argument, it is not enough to know that the energy concentrates at
one location z(t) at each time; we must also show that the energy is small at all other locations,
where |z — z(t)| > 1/N(t). The main tool for achieving this is

Proposition 8.9 (Physical space localization of energy at each time). For any minimal energy
blowup solution of (148) we have for every t € Iy

(166) \Vau(t,z)|* dz < .

/ﬂf—z(t)|>1/(n2N(t))

The proof follows a similar strategy to that used to prove Corollary 8.5; the main difference
is that we now consider spatially separated components of u rather than frequency separated
components, and instead of using multilinear Strichartz estimates to establish the decoupling of
these components, we shall rely instead on approximate finite speed of propagation and on the
pseudoconformal identity.

To summarize, at each time ¢ we have a location x(t), around which the kinetic and potential
energy are large, and away from which the kinetic energy is small (and one can also show the
potential energy is small, although we will not need this). From this and a little Fourier analysis
we obtain an important conclusion:

Proposition 8.10 (Reverse Sobolev inequality). Assuming u is a minimal energy blowup solu-
tion (and hence (151), (158)-(166) hold), we have that for every ty € Iy, any xo € R3, and any
R >0,

aon [ (Sulten) de S+ Clmome) | u(to, )[° d
B(zo,R) B(z0,C(m,m2)R)

Thus, up to an error of 7;, we are able to control the kinetic energy locally by the potential
energy®. This fact will be crucial in the interaction Morawetz portion of our argument when
we have an error term involving the kinetic energy, and control of a positive term which involves
the potential energy; the reverse Sobolev inequality is then used to control the former by the
latter.

To summarize, the statements above tell us that any minimal energy blowup solution (Def-
inition 8.3) to the equation (148) must be localized in both frequency and physical space at
every time. We are still far from done: we have not yet precluded blowup in finite time (which
would happen if N(t) — oo as t — T for some finite time 7}), nor have we eliminated soliton
or soliton-like solutions (which would correspond, roughly speaking, to N(t) staying close to

35Note that this is a special property of the minimal energy blowup solution, reflecting the very strong physical
space localization properties of such a solution; it is false in general, even for solutions to the free Schrodinger
equation. Of course, Proposition 8.7 is similarly false in general, for instance for solutions of the free Schrodinger
equation, the LS norm goes to zero as t — +oo0.
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constant for all time t). To achieve this we need spacetime integrability bounds on u. Our main
tool for this is a frequency-localized version of the interaction Morawetz estimate (116), to which
we now turn.

8.11. Second stage: Localized Morawetz estimate. In order to localize the interaction
Morawetz inequality, it turns out to be convenient to work at the “minimum” frequency attained
by wu.

We observe that

| Petno)N(t)<-<Cmo)N @y @) 1 < C(no) N () [|ul| oo 2
Comparing this with (160) we obtain the lower bound
N = elm)llul gk
for t € Iy. Since u is Schwartz, the right-hand side is nonzero, and thus the quantity
Nopin = tlél[f;) N(t)

is strictly positive.

From (158) we see that the low frequency portion of the solution - where || < ¢(19) Nmin - has
small energy; one might then hope to use Strichartz estimates to obtain some spacetime control
on these low frequencies. However, we do not yet have much control on the high frequencies
|€] > ¢(10) Nmin, apart from the energy bounds (152) and (153) of course.

Our initial spacetime bound in the high frequencies is provided by the following interaction
Morawetz estimate.

Proposition 8.12 (Frequency-localized interaction Morawetz estimate). Assuming u is a min-
imal energy blowup solution of (148) (and hence (151), (158)-(167) all hold), we have for all
N* < C(US)Nmin

(168) | [ 1Pexcutt ot dode < m®
I

Remark 8.13. The factor N2 on the right-hand side of (168) is mandated by scale-invariance
considerations (cf. (66)). The n; factor on the right side reflects our smallness assumption on
N,: if we think of N, as being very small and then scale the solution so that N, = 1, we are
pushing the energy to very high frequencies so heuristically it’s not unreasonable to expect the
supercritical Li’t norm on the left hand side to be small.

Regarding the size of N,: write for the moment ¢(73) as the constant appearing in Corollary
8.6 with 7 = n3. The constant ¢(n3) appearing in Proposition 8.12 is chosen so ¢(n3) < é(n3) - 13,

hence at all times we know there is very little energy at frequencies below ]7\7[3, and (ignoring

factors of NV, which can be scaled to 1) above frequency N, there is very little (at most 73/N)
L? mass.

This small 7; factor will be used to close a bootstrap argument in the proof of the important
estimate on the movement of energy to very low frequencies.

The key thing about this estimate is that the right-hand side does not depend on Ij; thus
for instance it is already useful in eliminating soliton or pseudosoliton solutions, at least for
frequencies close to Npipn. (Frequencies much larger than Ny, still cause difficulty, and will
be dealt with later in the argument). Proposition 8.12 roughly corresponds to the localized
Morawetz inequality used by Bourgain [13], [12] and Grillakis [41]. The main advantage of
(168) is that it is not localized to near the spatial origin, in contrast with the standard (30)
Morawetz inequalities.
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Although this proposition is based on the interaction Morawetz inequality developed in the
references given above, there are significant technical difficulties in truncating that inequality
to the high frequencies. As a consequence the proof of this proposition is somewhat involved.
Also, we caution the reader that the above proposition is not proved as an a priori estimate;
indeed the proof relies crucially on the assumption that u is a minimal energy blowup solution
in the sense of 8.3, and in particular verifies the reverse Sobolev inequality (167).

Combining Proposition 8.12 with Proposition 8.8 gives us the following integral bound on
N(t).

Corollary 8.14. For any minimal energy blowup solution of (148), we have

(169) N()~tdt < C(m,m3)N,,3

min’
I

Proof. Let N, := ¢(n3) Npmin for some sufficiently small ¢(n3). Then from Proposition 8.12 we
have

| [ 1Ponuttn)lt dodt S NS S Clmom) N2,
I JR
On the other hand, from Bernstein inequality and (152) we have for each ¢ € Iy that
/ [Ponu(t, )| de S N ()72 Pan,u(t) |1 S Clm)N () °NZ,
lz—a(t)|<C(m)/N(t)
so by (164) and the triangle inequality we have (noting that N, < ¢(n3)N(t))

[Pttt do 2 )N (),
R3
Comparing this with the previous estimate, the claim follows. O

Remark 8.15. The estimate (169) is scale-invariant under the natural scaling (32) (N has the
units of length~!, and t has the units of length?). In the radial case, a somewhat similar estimate
was obtained by Bourgain [13] and implicitly also by Grillakis [41]; in our notation, this bound
would be the assertion that

(170) /IN(t) dt < |1|M?

for all I C Ij; indeed in the radial case (when x(¢) = 0) this bound easily follows from Proposition
8.8 and a local version of (30). Both estimates are equally good at estimating the amount of
time for which N (t) is comparable to Ny,p, but Corollary 8.14 is much weaker than (170) when
it comes to controlling the times for which N(t) > Ny,. Indeed if we could extend (170) to
the nonradial case one could obtain a significantly shorter proof of Theorem 7.3, however we
were unable to prove this bound directly, although it can be deduced from Corollary 8.14 and
Proposition 8.19 below).

This Corollary allows us to obtain some useful L%}?E bounds in the case when N () is bounded
from above.

Corollary 8.16 (Nonconcentration implies spacetime bound). Let I C Iy, and suppose there
exists & Nyag > 0 such that N(t) < Npaq for all t € I. Then for any localized minimal energy
blowup solution of (148) we have

HUHL%PZ(IXIM) S C(n1,m35 Nmaz/Nimin)
and furthermore

HuHSl(IXRS) 5 0(771, n3, Nmaz/Nmin)-
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Proof. We may use scale invariance (32) to rescale Ny,;, = 1. From Corollary 8.14 we obtain
the useful bound

| < C(m1,13, Nmaz)-
Let 0 = §(n9, Nmaz) > 0 be a small number to be chosen later. We may partition I into O(|I|/0)
intervals Iy,...,I; of length at most 0. Let I; be any of these intervals, and let ¢; be any time
in I;. Observe from Corollary 8.6 and the hypothesis N(t;) < Npq, that

1 P> (m0) Nonaw @ (E5) | g1 < 10

(for instance). Now let a(t) := ei(t_tj)AP<C(WO)NmMu(tj) be the free evolution of the low and
medium frequencies of u. The above estimate then becomes

[u(ts) = a(tj)l g < no-
On the other hand, from Bernstein inequality and (152) we have
[a()]l 10 S €10, Nmaz)[[a(t5) [l 1 S €10, Nma)

for all ¢ € I;, and hence

||ﬂ”Lt12c(Ij xR3) < Cmo, Nmax)‘sl/lo‘

Similarly we have
IV(a@) [ a®)l o5 S IVa@®)llzslla®)lze S C 00, Nmaz)1a(t) 5 S C 10, Nimaa)
and hence
IV 3575 sy S COM0 N5

From these two estimates, the energy bound (152), and Lemma 7.7 with e = —|a|*a, we see (if
J is chosen sufficiently small) that

Hu”Ltlf;(IijS) Sl

Summing this over each of the O(|I|/§) intervals I; we obtain the desired L9 bound. The St
bound then follows as in Theorem 4.8. O

This above corollary gives the desired contradiction to (161) when Ny,4:/Npin is bounded,
i.e. N(t) stays in a bounded range.

8.17. Third stage: Nonconcentration of energy. Of course, any global well-posedness ar-
gument for (148) must eventually exclude a blowup scenario (self-similar or otherwise) where
N(t) goes to infinity in finite time, and indeed by Corollary 8.16 this is the only remaining
possibility for a minimal energy blowup solution. Corollary 8.6 implies that in such a scenario
the energy must almost entirely evacuate the frequencies near Ny, and instead concentrate
at frequencies much larger than N,,;,. While this scenario is consistent with conservation of
energy, it turns out to not be consistent with the time and frequency distribution of mass.
More specifically, we know there is a i € Ip so that for all t € Iy, N(t) > N(tmin) =
Npin > 0. By Corollary 8.6, at time t,,;, the solution has the bulk of its energy near the
frequency Ny,in, and hence the medium frequencies at that time have mass bounded below by,

(171) ”Pc(no)Nmm§~§C(770)Nmmu(tmi”)”L2 z C(TIO)NT:L’Lln

The idea is to prove the following approximate mass conservation law for these high frequencies®®,

which states that while some mass might slip to very low frequencies, it can’t all do so.

361t is necessary to truncate to the high frequencies in order to exploit mass conservation because the low
frequencies contain an unbounded amount of mass. This strategy of mollifying the solution in frequency space in
order to exploit a conservation law that would otherwise be unbounded or useless is inspired by the “I-method”
for sub-critical dispersive equations discussed in Lecture # 4.
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Lemma 8.18 (Some mass freezes away from low frequencies). Suppose u is a minimal energy
blowup solution of (148). Then for all t € Iy,

(172) 1P ppo0n,,., ()]l 2 Z m-

Lemma 8.18 will quickly show that the evacuation scenario - wherein the solution cleanly
concentrates energy to very high frequencies - cannot occur. Instead the solution always leaves
a nontrivial amount of mass and energy behind at medium frequencies. This “littering” of the
solution will serve (via Corollary 8.6) to keep N(t) from escaping to infinity3” and gives us,

Proposition 8.19 (Energy cannot evacuate from low frequencies). For any minimal energy
blowup solution of (148) we have

(173) N(t) < C(n5) Nonin
for allt € Iy.

By combining Proposition 8.19 with Corollary 8.16, we encounter a contradiction to (161)
which completes the proof of Theorem 7.3.

We conclude this lecture by summarizing the role of the parameters 7;,7 = 0, ...5 which have
now all been introduced. The number 7; represents the amount of potential energy that must be
present at every time in a minimal energy blowup solution. (Proposition 8.7); it also represents
the extent of concentration of energy (on the scale of 1/N(¢)) that must occur in physical
space at every time in a minimal energy blowup solutions (Proposition 8.8). The number 7y is
introduced in Proposition 8.9, where 1/ns represents the extent that there is localization (on
the scale of 1/N(t)) of energy in a minimal energy blowup solution. The number 73 measures,
on the scale of the quantity N,,;,, what we mean by “high frequency” when we say Proposition
8.12 is an interaction Morawetz estimate localized to high frequencies. The number 74 measures
the frequency (on the scale of N,;,) below which the evolution can’t move a certain portion
(namely, 71) of the L? mass. Finally, the number 79 enters in Corollary 8.6 and various other
points in the paper where we simply use its value as a small, universal constant.

37Tt is interesting to note that one must exploit conservation of energy, conservation of mass, and conservation of
momentum (via the Morawetz inequality) in order to prevent blowup for the equation (148); the same phenomenon
occurs in the previous arguments [13], [41] in the radial case, even though the details of those arguments are in
many ways quite different to those here.



