PREPARTORY NOTES ON p-ADIC HODGE THEORY

OLIVIER BRINON AND BRIAN CONRAD

e Fveryone should learn the basic formalism of Witt vectors before arriving in Hawaii.
A nice succinct development of this circle of ideas is given in notes of Benji Fisher
that are provided in a separate file, along with the first half of §4.2 below (up through
and including Remark 4.2.4).

o Please try to at least skim over §1-82 and §5 before the summer school begins. The
course will go much further into the theory than do these preparatory notes (e.g.,
(¢, I')-modules, overconvergence, integral methods, etc.). You are not expected to
have mastered §1, §2, and §5 beforehand, but the course will begin with a quick
overview of that stuff, so prior awareness with the style of thinking in those sections
will be very helpful.

e Don’t worry — you are NOT expected to have read all of these notes before Hawaii
(but feel free to do so if time permits). The material in §3-§4 and §6 is where things
really get off the ground, but that stuff is harder to digest. The hardest part for a
beginner is probably §4 after Remark 4.2.4, especially the main constructions there
(the ring R and the ring Bgr).

CONTENTS
1.  Motivation 2
1.1. Tate modules 2
1.2.  Galois lattices and Galois deformations 4
1.3.  Aims of p-adic Hodge theory )
2. Hodge-Tate representations 7
2.1. Theorems of Tate-Sen and Faltings 8
2.2. Hodge—Tate decomposition 11
2.3. Formalism of Hodge-Tate representations 13
3. Etale p-modules 20
3.1. p-torsion representations 21
3.2. Torsion and lattice representations 26

Date: April 15, 2009.
B.C. was partially supported by NSF grants DMS-0600919 and DMS-0917686, and we are grateful to B.
Cais, I. Tkeda, R. Schoof, and S. Unver for comments on an earlier version of these notes.
1



2 OLIVIER BRINON AND BRIAN CONRAD

3.3. Qp-representations of Gg 36
4. First steps toward better period rings 38
4.1. From gradings to filtrations 38
4.2.  Witt vectors and universal Witt constructions 41
4.3. Properties of R 44
4.4. The field of p-adic periods Bgr 50
5. Formalism of admissible representations 59
5.1. Definitions and examples 59
5.2. Properties of admissible representations 61
6. deRham representations 65
6.1. Basic definitions 65
6.2. Filtered vector spaces 66
6.3. Filtration on Dgg 68
References 75

1. MOTIVATION

1.1. Tate modules. Let E be an elliptic curve over a number field F', and fix an algebraic
closure F/F and a prime number p. A fundamental arithmetic invariant of E is the Z-rank of
its finitely generated Mordell-Weil group E(F’) of rational points over F'. This is conjecturally
encoded in (and most fruitfully studied via) the p-adic representation of G := Gal(F/F)
associated to E. Let us review where this representation comes from, as well as some of its
interesting properties.

For each n > 1 we can choose an isomorphism of abelian groups
L s E(F)[p"] ~ (Z/p"Z)?
in which G acts on the left side through the finite Galois group quotient Gal(F'(E[p"])/F)
associated to the field generated by coordinates of p"-torsion points of £. By means of ¢ ,, we
get a representation of this finite Galois group (and hence of Gr) in GLy(Z/p"Z). Asn grows,
the open kernel of this representation shrinks in G. It is best to package this collection of
representations into a single object: we can choose the tg,’s to be compatible with respect

to reduction modulo p-powers on the target and the multiplication map E[p"*!] — E[p"] by
p on the source to get an isomorphism of Z,-modules

T,(E) := lim B(F)[p"] ~ 22
on which G acts through a continuous representation
p:Gp — GLa(Zy);
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passing to the quotient modulo p™ recovers the representations on torsion points as considered
above.

For any prime p of F we choose an embedding of algebraic closures F Fp (i.e., we
lift the p-adic place of F' to one of F) to get a decomposition subgroup G r, € GF, so we
may restrict p to this subgroup to get a continuous representation p, : Gp, — GLa(Z))
that encodes local information about E at . More specifically, if I, € GF, denotes the
inertia subgroup and we identify the quotient G, /I, with the Galois group Gy, of the
finite residue field k(p) at p then we say that p,, (or p) is unramified at e if it is trivial on I,
in which case it factors through a continuous representation G,y — GL3(Z,). In such cases
it is natural to ask about the image of the (arithmetic) Frobenius element Frob, € Gy

that acts on k(p) by x +— x%, where g, := #k(p).

Theorem 1.1.1. If o { p then E has good reduction at o (with associated reduction over k(p)
denoted as E) if and only if p, is unramified at p. In such cases, p,(Frob,) acts on T,(E)
with characteristic polynomial X — ap X + q,,, where ag, = q,+1 —#E(k(p)) € Z C Z,,.

Remark 1.1.2. Observe that ag,, is a rational integer that is independent of the choice of
p (away from p). By Hasse’s theorem, |agy| < 2,/q,. If we had only worked with the
representation p mod p™ on p"-torsion points rather than with the representation p that
encodes all p-power torsion levels at once then we would only obtain ag, mod p™ rather
than ap, € Z. By the Hasse bound, this sufficies to recover ag , when g, is “small” relative

to p” (i.e., 4,/q, < p").

It was conjectured by Birch and Swinnerton-Dyer that rankz(E(F')) is encoded in the
behavior at s = 1 of the Euler product

Lgood(sa E/F) = H (1 - aE,pQgs + q;72s)71;

goodgp

this product is only known to make sense for Re(s) > 3/2 in general, but it has been
meromorphically continued to the entire complex plane in many special cases (by work of
Taylor-Wiles and its generalizations). For each p, the Gp-representation on T, (E) encodes all
Euler factors at primes p of good reduction away from p by Theorem 1.1.1. For this reason,
the theory of p-adic representations of Galois groups turns out to be a very convenient
framework for studying the arithmetic of L-functions.

Question 1.1.3. Since the notion of good reduction makes sense at p without any reference
to p, it is natural to ask if there is an analogue of Theorem 1.1.1 when p|p.

This question was first answered by Grothendieck using p-divisible groups, and his answer
can be put in a more useful form by means of some deep results in p-adic Hodge theory: the
property of being unramified at o (for p 1 p) winds up being replaced with the property of
being a crystalline representation at o (when p|p). This latter notion will be defined much
later, but for now we wish to indicate why unramifiedness cannot be the right criterion when
o|p. The point is that the determinant character det p,, : G, — Z) is infinitely ramified
when p|p. In fact, this character is equal to the p-adic cyclotomic character of F|,, a character
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that will be ubiquitous in all that follows. We therefore now recall its definition in general
(and by Example 1.1.5 below this character is infinitely ramified on Gr,).

Let F' be a field with a fixed separable closure Fy/F and let p be a prime distinct from
char(F'). Let pi,n = ppn(F) denote the group of p"th roots of unity in F*, and let i,
denote the rising union of these subgroups. The action of G on ji,~ is given by g(¢) = (X
for a unique x(g9) € Z,: for ¢ € pyn the exponent x(g) only matters modulo p", and
x(g) mod p™ € (Z/p"Z)* describes the action of g on the finite cyclic group p,» of order p™.
Thus, x mod p™ has open kernel (corresponding to the finite extension F'(y,»)/F) and x is
continuous. We call x the p-adic cyclotomic character of F.

Remark 1.1.4. Strictly speaking we should denote the character x as xr,, but it is permissible
to just write x because p is always understood from context and if F'/F is an extension
(equipped with a compatible embedding Fy — F; of separable closures) then xrpla,, = X p-

Example 1.1.5. Let F' be the fraction field of a complete discrete valuation ring R with
characteristic 0 and residue characteristic p. Hence, Z, C R, so we may view Qp CF. In
this case F'(uy~)/F is infinitely ramified, or in other words x : Gr — Z) has infinite image
on the inertia subgroup Ir C Gp. Indeed, since e := ordp(p) is finite F'(y,n) has ramification

_ n—1

degree e, over I satisfying e, - ¢ > ordq,(u,.)(p) =p" " (p — 1), s0 e, — oo.

1.2. Galois lattices and Galois deformations. Moving away from elliptic curves, we now
consider a wider class of examples of p-adic representations arising from algebraic geometry,
and we shall formulate a variant on Question 1.1.3 in this setting.

Let X be an algebraic scheme over a field F'; the case of smooth projective X is already
very interesting. For a prime p # char(F'), the étale cohomology groups H (X, Z,) are
finitely generated Z,-modules that admit a natural action by G = Gal(F,/F') (via pullback-
functoriality of cohomology and the natural G g-action on Xp, = X®pF}), and these modules
not be torsion-free. Hence, the Gp-action on them is not described via matrices in general,
but satisfies a continuity condition in the sense of the following definition.

Definition 1.2.1. Let I' be a profinite group. A continuous representation of I' on a finitely
generated Z,-module A is a Z,[I']-module structure on A such that the action map I'x A — A
is continuous (or, equivalently, such that the I'-action on the finite set A/p" A has open kernel
for all n > 1). These form a category denoted Repy (I'), and Repg (I') is defined similarly.

Ezample 1.2.2. 1f a Z,[I'l-module A is finite free as a Z,-module then A € Repg (') if and
only if the matrix representation I' — GL,(Z,) defined by a choice of Z,-basis of A is a
continuous map.

Ezample 1.2.3. Let F be a number field and consider the action by G on H, (Xf,, Z,) for a
smooth proper scheme X over F. This is unramified at all but finitely many primes g of F
(i.e., I, C Gp acts trivially) due to “good reduction” properties for X at all but finitely many
primes (and some general base change theorems for étale cohomology). However, if X has
good reduction (appropriately defined) at a prime p over p then this p-adic representation
is rarely unramified at @. Is there a nice property satisfied by this p-adic representation at
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primes p|p of good reduction for X, replacing unramifiedness? Such a replacement will be
provided by p-adic Hodge theory.

Galois representations as in Example 1.2.3 are the source of many interesting representa-
tions, such as those associated to modular forms, and Wiles developed techniques to prove
that various continuous representations p : Gy — GL,(Z,) not initially related to modular
forms in fact arise from them in a specific manner. His technique rests on deforming p; the
simplest instance of a deformation is a continuous representation

p: Gr — GL,(Z,[z])

that recovers p at x = 0 and is unramified at all but finitely many primes of F. A crucial
part of Wiles” method is to understand deformations of P|GFK, when p[p, and some of the
most important recent improvements on Wiles” method (e.g., in work of Kisin [4], [5]) focus
on precisely such p. For these purposes it is essential to work with Galois representations
having coefficients in Z, or F,, a necessary prelude to many such considerations is a solid
understanding of the case of Q,-coefficients, and much of p-adic Hodge theory is focused on
this latter case. This leads us to make the following definition.

Definition 1.2.4. A p-adic representation of a profinite group I is a representation p : I' —
Autq, (V) of I on a finite-dimensional Q,-vector space V' such that p is continuous (viewing
Autq, (V) as GL,(Q,) upon choosing a basis of V'). The category of such representations is
denoted Repq (I').

Ezercise 1.2.5. For A € Repy (I'), prove that the scalar extension Q,®z, A lies in Repg, (I').

The example in Exercise 1.2.5 is essentially the universal example, due to the next lemma.

Lemma 1.2.6. For V' € Repq ('), there exists a I'-stable Zy-lattice A C V (i.e., A is a
finite free Z,-submodule of V and Q, ®z, A ~ V).

Proof. Let p : I' — Autq, (V') be the continuous action map. Choose a Z,-lattice Ay C V.
Since V' = Q,®z, Ay, we naturally have Autz, (Ag) C Autq, (V') and this is an open subgroup.
Hence, the preimage I'y = p~!(Autz, (A)) of this subgroup in I' is open in I'. Such an open
subgroup has finite index since I' is compact, so I'/T'y has a finite set of coset representatives
{~i}. Thus, the finite sum A = Y. p(7;)A¢ is a Z,-lattice in V, and it is I-stable since Ay is
[g-stable and T' = [ [ ;L. [ |

1.3. Aims of p-adic Hodge theory. In the study of p-adic representations of Gp =
Gal(F/F) for F of finite degree over Q,, it is very convenient in many proofs if we can
pass to the case of an algebraically closed residue field. In practice this amounts to replacing
F with the completion Fun of its maximal unramified extension inside of I (and replacing
G with its inertia subgroup Ir; see Exercise 1.3.2(1) below). Hence, it is convenient to
permit the residue field & to be either finite or algebraically closed, and so allowing perfect
residue fields provides a good degree of generality.

Definition 1.3.1. A p-adic field is a field K of characteristic 0 that is complete with respect
to a fixed discrete valuation that has a perfect residue field k of characteristic p > 0.
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Exercise 1.3.2. Let K be a p-adic field with residue field k.

(1) Explain why the valuation ring of K is naturally a local extension of Z,, and prove
that [K : Q,] is finite if and only if & is finite.

(2) Let K" C K denote the maximal unramified extension of K inside of a fixed algebraic
closure (i.e., it is the compositum of all finite unramified subextensions over K).

Prove that the completion Kun s naturally a p-adic field with residue field &k that
is an algebraic closure of k, and use Krasner’s Lemma to prove that [x := Ggun

is naturally isomorphic to G as profinite groups. More specifically, prove that

L ~ L®puw K" is an equivalence of categories from finite extensions of K" to finite
extensions of K.

Most good properties of p-adic representations of G for a p-adic field K will turn out
to be detected on [k, so replacing K with K is a ubiquitious device in the theory (since
Ix := Ggw = Gz via Exercise 1.3.2(2); note that K" is not complete if k # k). The goal of
p-adic Hodge theory is to identify and study various “good” classes of p-adic representations
of Gk for p-adic fields K, especially motivated by properties of p-adic representations arising

from algebraic geometry over p-adic fields.

The form that this study often takes in practice is the construction of a dictionary that
relates good categories of p-adic representations of G to various categories of semilinear
algebraic objects “over K”. By working in terms of semilinear algebra it is often easier
to deform, compute, construct families, etc., than is possible by working solely with Galois
representations. There are two toy examples of this philosophy that are instructive before we
take up the development of the general theory (largely due to Fontaine and his coworkers),
and we now explain both of these toy examples (which are in fact substantial theories in
their own right).

Ezxample 1.3.3. The theory of Hodge—Tate representations was inspired by Tate’s study of
T,(A) for abelian varieties A with good reduction over p-adic fields, and especially by Tate’s
question as to how the p-adic representation Hj (X%, Q,) := Q,®z, Hf, (X%, Z,) arising from
a smooth proper K-scheme X is related to the Hodge cohomology @, —nH? (X, Q% / x)- This
question concerns finding a p-adic analogue of the classical Hodge decomposition

C®q HL,,(2(C),Q) ~ P H(Z.0Y)

pt+g=n
for smooth proper C-schemes Z.

In §2 we will define the notion of a Hodge-Tate representation of G, and the linear
algebra category over K that turns out to be related to Hodge—Tate representations of G g is
the category Gry s of finite-dimensional graded K -vector spaces (i.e., finite-dimensional K-
vector spaces V equipped with a direct sum decomposition V = &,V,, and maps T : V' — V
that are K-linear and satisfy T'(V,)) C V; for all ).

Ezxample 1.3.4. A more subtle class of representations arises from the Fontaine-Wintenberger
theory of norm fields, and gives rise to the notion of an étale p-module that will arise



PREPARTORY NOTES ON p-ADIC HODGE THEORY 7

repeatedly (in various guises) throughout p-adic Hodge theory. The basic setup goes as
follows. Fix a p-adic field K and let K, /K be an infinitely ramified algebraic extension
such that the Galois closure K/ /K has Galois group Gal(K!_/K) that is a p-adic Lie group.
The simplest such example is Ko, = K. = K({p~), in which case K. /K is infinitely
ramified by Example 1.1.5 and the infinite subgroup Gal(K./K) C Z) that is the image of
the continuous p-adic cyclotomic character x : G — Z) is closed and hence open. (Indeed,
the p-adic logarithm identifies 1 4 pZ, with pZ, for odd p and identifies 1 4 4Z, with 4Z,
for p = 2, and every nontrivial closed subgroup of Z, is open.) Another interesting example
that arose in work of Breuil and Kisin is the non-Galois extension K, = K (7'/?™) generated
by compatible p-power roots of a fixed uniformizer 7 of K, in which case Gal(K/_/K) is an
open subgroup of Z; x Z,.

For any K, /K as above, a theorem of Sen ensures that the closed ramification subgroups
of Gal(K/_ /K) in the upper numbering are of finite index, so in particular K, with its natural
absolute value has residue field &’ that is a finite extension of k. The Fontaine-Wintenberger
theory of norm fields [9] provides a remarkable functorial equivalence between the category
of separable algebraic extensions of K, and the category of separable algebraic extensions of
an associated local field E of equicharacteristic p (the “field of norms” associated to Ko /K).
The residue field of E is naturally identified with &', so non-canonically we have E ~ k'((u)).

Upon choosing a separable closure of K, the Fontaine-Wintenberge equivalence yields a
separable closure for F and an associated canonical topological isomorphism of the associated
absolute Galois groups

(1.3.1) Gr. ~ Gp.

Because E has equicharacteristic p, we will see in §3 that the category Repzp(G £) is equiva-
lent to a category of semilinear algebra objects (over a certain coefficient ring depending on
E) called étale p-modules. This equivalence will provide a concrete illustratration of many
elementary features of the general formalism of p-adic Hodge theory.

If K /K is a Galois extension with Galois group I' then G g-representations can be viewed
as G i__-representations equipped with an additional “I’-descent structure” that encodes the
descent to a Gx-representation. In this way, (1.3.1) identifies Repz (G k) with the category of
(¢, T')-modules that consists of étale p-modules endowed with a suitable T-action encoding
the descent of an object in Repy (Gr) = Repg (Gk..) to an object in Repg (Gk). The
category of (¢, I')-modules gives a remarkable and very useful alternative description of the
entire category Repzp(G k) in terms of objects of semilinear algebra.

2. HODGE-TATE REPRESENTATIONS

From now on, K will always denote a p-adic field (for a fixed prime p) in the sense of
Definition 1.3.1, and we fix a choice of algebraic closure K /K. The Galois group Gal(K /K)

is denoted G, and we write Ck to denote the completion K of K endowed with its unique
absolute value extending the given absolute value |- | on K. It is a standard fact that Cg
is algebraically closed. Sometimes we will normalize the absolute value by the requirement
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that ordg :=log| - | on K* satisfies ordg(p) = 1, and we also write | - | and ordx to denote
the unique continuous extensions to Cx and Cj respectively.

The p-adic Tate module lln o (K) of the group GL; over K is a free Z,-module of rank
1 and we shall denote it as Z,(1). This does not have a canonical basis, and a choice of
basis amounts to a choice of compatible system ((n),>1 of primitive p-power roots of unity
(satisfying (7.1 = Gy for all m > 1). The natural action of Gk on Z,(1) is given by the Z-
valued p-adic cyclotomic character x = xk, from §1.1, and sometimes it will be convenient
to fix a choice of basis of Z,(1) and to thereby view Z,(1) as Z, endowed with a G x-action
by x.

For any r > 0 define Z,(r) = Z,(1)*" and Z,(—r) = Z,(r)" (linear dual: M" =
Homg, (M, Z,) for any finite free Z,-module M) with the naturally associated G g-actions
(from functoriality of tensor powers and duality), so upon fixing a basis of Z,(1) we identify
Z,(r) with the Z,-module Z, endowed with the Gk-action x" for all r € Z. If M is an
arbitrary Z,|G'k]-module, we let M(r) = Z,(r) ®z, M with its natural G x-action, so upon
fixing a basis of Z,(1) this is simply M with the modified Gk-action g.m = x(g)"g(m) for
g € Gk and m € M. Elementary isomorphisms such as (M (r))(r’) ~ M (r+1r") (with evident
transitivity behavior) for r,7" € Z and (M (r))Y ~ MY (—r) for r € Z and M finite free over
Z,, or over a p-adic field will be used without comment.

2.1. Theorems of Tate—Sen and Faltings. Let X be a smooth proper scheme over a
p-adic field K. Tate discovered in special cases (abelian varieties with good reduction) that
although the p-adic representation spaces H, (X%, Q,) for Gx are mysterious, they become
much simpler after we apply the drastic operation

VWCK®QP‘/,

with the Gg-action on Cx ®q, V defined by g(c ® v) = g(c) ® g(v) for c € Cx and v € V.
Before we examine this operation in detail, we introduce the category in which its output
lives.

Definition 2.1.1. A Cg-representation of Gk is a finite-dimensional Cg-vector space W
equipped with a continuous G g-action map G x W — W that is semilinear (i.e., g(cw) =
g(c)g(w) for all ¢ € Cx and w € W). The category of such objects (using Cg-linear
G k-equivariant morphisms) is denoted Repg, (Gk).

This is a p-adic analogue of the notion of a complex vector space endowed with a conjugate-
linear automorphism. In concrete terms, if we choose a Cg-basis {wy,...,w,} of W then
we may uniquely write g(w;) = > a;;(g)w; for all j, and p : Gx — Mat,«,(Ck) defined
by g — (a;;(g)) is a continuous map that satisfies p(1) = id and p(gh) = u(g) - g(u(h)) for
all g,h € Gg. In particular, u takes its values in GL,(Cg) (with g(u(g™')) as inverse to
1(g)) but beware that u is not a homomorphism in general (due to the semilinearity of the
G i-action).

Ezample 2.1.2. If V' € Repq, (Gk) then W := Cx ®q, V' is an object in Repc, (Gx). We
will be most interested in W that arise in this way, but it clarifies matters at the outset to
work with general W as above.



PREPARTORY NOTES ON p-ADIC HODGE THEORY 9

The category Repg, (Gk) is an abelian category with evident notions of tensor product,
direct sum, and exact sequence. If we are attentive to the semilinearity then we can also
define a reasonable notion of duality: for any W in Repg, (G ), the dual W is the usual Cg-
linear dual on which G acts according to the formula (g.¢)(w) = g(£(g~(w))) for allw € W,
¢ e WY, and g € Gk. This formula is rigged to ensure that g.f : W — Ck is Cg-linear (even
though the action of g=! on W is generally not Cg-linear). Since Gk acts continuously on
W and on Cg, it is easy to check that this action on WV is continuous. In concrete terms,
if we choose a basis {w;} of W and describe the G -action on W via a continuous function
u o Gg — GL,(Ck) as above Example 2.1.2 then WV endowed with the dual basis is
described by the function g — g(u(g—')") that is visibly continuous. Habitual constructions
from linear algebra such as the isomorphisms W ~ WYY and WY@ W'’ ~ (W eW')Y as well
as the evaluation morphism W ® WY — Cg are easily seen to be morphisms in Repg, (Gk).

The following deep result of Faltings answers a question of Tate.

Theorem 2.1.3 (Faltings). Let K be a p-adic field. For smooth proper K-schemes X, there
s a canonical isomorphism

(2.1.1) Ck ®q, Hi (X7 Q) ~ D (Cr(—q) ®x H" (X, 05 )

q

in Repg, (Gk), where the Gk -action on the right side is defined through the action on each
Ck(—q) = Cx ®q, Qu(—q). In particular, non-canonically

CK ®Qp H XK’ Qp @ CK hn—q,q

in Repg, (Gk), with "7 = dimg HP(X, Q% ).

This is a remarkable theorem for two reasons: it says that Cx ®q, Hi (X%, Q,) as a
C-representation space of Gy is a direct sum of extremely simple pieces (the Cx(—q)’s
with suitable multiplicity), and we will see that this isomorphism enables us to recover the
K-vector spaces H"7( X, QqX/K) from Cx ®q, H (X%, Qp) by means of operations that make
sense on all objects in Repg, (G ). This is a basic example of a comparison isomorphism
that relates one p-adic cohomology theory to another. However, of the greatest significance
is that (as we shall soon see) we cannot recover the p-adic representation space HZ (X%, Q,)
from the Hodge cohomologies H"~4( X Qﬁ(/K) in (2.1.1). In general, Cx ®q, V loses a lot
of information about V. This fact is very fundamental in motivating many of the basic

constructions in p-adic Hodge theory, and it is best illustrated by the following example.

Ezample 2.1.4. Let E be an elliptic curve over K with split multiplicative reduction, and
consider the representation space V,(E) = Q, ®z, T,(E) € Repg, (Gx). The theory of Tate
curves provides an exact sequence

(2.1.2) 0—Qu(1) = V,(F)—Q,—0

that is non-split in Repq (Gg) for all finite extensions K'/K inside of K.
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If we apply K ®q, () to (2.1.2) then we get an exact sequence
0— K(1) > K ®q, Vo(E) = K =0

in the category Repw(Gy) of semilinear representations of G on K-vector spaces. We claim
that this sequence cannot be split in Repz(Gf ). Assume it is split. Since K is the directed
union of finite subextensions K’/ K, there would then exist such a K’ over which the splitting
occurs. That is, applying K’ ®q, (-) to (2.1.2) would give an exact sequence admitting a
G g-equivariant K'-linear splitting. Viewing this as a split sequence of K'[G k/]-modules, we
could apply a Q,-linear projection K’ — Q, that restricts to the identity on Q, C K’ so
as to recover (2.1.2) equipped with a Q,[Gk-]-linear splitting. But (2.1.2) has no splitting
in Repq, (Gk), so we have a contradiction. Hence, applying K ®q, () to (2.1.2) gives a
non-split sequence in Repw(G), as claimed.

This non-splitting over K makes it all the more remarkable that if we instead apply
Ck ®q, (+) to (2.1.2) then the resulting sequence in Repg, (Gx) does (uniquely) split! This
is a special case of the second part of the following fundamental result that pervades all that
follows. It rests on a deep study of the ramification theory of local fields.

Theorem 2.1.5 (Tate-Sen). For any p-adic field K we have K = CS¥ (i.e., there are no
transcendental invariants) and Cg(r)% =0 forr # 0 (i.e., if v € Ck and g(x) = x(g)"x
for all g € Gk and some r # 0 then x = 0). Also, H. . (Gg,Ck(r)) = 0 if r # 0 and

cont
H. ..(Gk,Ck) is 1-dimensional over K.

More generally, if n : Gx — Z) is a continuous character and Cg(n) denotes Cr with
the twisted Gy-action g.c = n(g)g(c) then Ck(n)°% = 0 if n(Ix) is infinite and Cx(n)%%
is 1-dimensional over K if n(Ix) is finite (i.e., if the splitting field of n over K is finitely
ramified). Also, H. . (Gx,Ck(n)) = 0 if n(Ix) is infinite.

cont

1

cont

In this theorem, we define H. . (Gk,+) using continuous 1-cocycles.

Ezample 2.1.6. Let 17 : Gk — Z) be a continuous character. We identify H} (G, Ck(n))
with the set of isomorphism classes of extensions

(2.1.3) 0—Ck(n) =W —-Cg—0

in Repg, (G ) as follows: using the matrix description

(b 3)

of such a W, the homomorphism property for the Gg-action on W says that the upper
right entry function is a 1-cocycle on G with values in Ck(n), and changing the choice of
C-linear splitting changes this function by a 1-coboundary. The continuity of the 1-cocycle
says exactly that the Gg-action on W is continuous. Changing the choice of Cg-basis of
W that is compatible with the filtration in (2.1.3) changes the 1-cocycle by a 1-coboundary.
In this way we get a well-defined continuous cohomology class, and the procedure can be
reversed (up to isomorphism of the extension structure (2.1.3) in Repg, (Gk)).



PREPARTORY NOTES ON p-ADIC HODGE THEORY 11

Theorem 2.1.5 says that all exact sequences (2.1.3) are split when 7(/f) is infinite. More-
over, in such cases the splitting is unique. Indeed, any two splittings Cx = W in Rep¢,. (G k)
differ by an element of Hompep,, @) (Crk, Ck(n)), and by chasing the image of 1 € C this

Hom-set is identified with C(n)9%. But by the Tate-Sen theorem this vanishes when n(If)
is infinite.

The real importance of Theorem 2.1.5 is revealed when we consider an arbitrary W &
Repg,. (Gk) admitting an isomorphism as in Faltings” Theorem 2.1.3:

(2.1.4) W~ P Ck(—q)".

Although such a direct sum decomposition is non-canonical in general (in the sense that
the individual lines Ck(—q) appearing in the direct sum decomposition are generally not
uniquely determined within W when h, > 1), we shall see that for any such W there is a
canonical decomposition W ~ @, (Ck(—q) @ x W{q}) for a canonically associated K-vector
space W{q} with dimension h,.

Ezample 2.1.7. In (2.1.4) we have WY ~ @,(Cg(—q)“% )" ~ K" by the Tate-Sen theo-
rem, so hy = dimyg WY, A priori it is not clear that dimg W« should be finite for typical
W € Repg, (Gk). Such finiteness holds in much greater generality, as we shall see, and
the W that arise as in (2.1.4) will be intrinsically characterized in terms of such finiteness
properties.

2.2. Hodge—Tate decomposition. The companion to Theorem 2.1.5 that gets p-adic
Hodge theory off the ground is a certain lemma of Serre and Tate that we now state. For
W € Repg,. (Gk) and g € Z, consider the K-vector space

(2.2.1) W{q} = W(q)% ~{w e W |g(w) = x(g) % for all g € Gk},

where the isomorphism rests on a choice of basis of Z,(1). In particular, this isomorphism is
not canonical when ¢ # 0 and W{q} # 0, so W{q} is canonically a K-subspace of W (q) but
it is only non-canonically a K-subspace of W when ¢ # 0 and W{q} # 0. More importantly,
W{q} is not a Ck-subspace of W(q) when it is nonzero. In fact, W{q} contains no Cg-lines,
for if x € W{q} is nonzero and cx lies in W{q} for all ¢ € Ck then g(c) = ¢ for all ¢ € Cg
and all ¢ € Gk, which is absurd since K C Ck.

We have a natural G g-equivariant K-linear multiplication map
K(—q) @x Wi} — K(—q) @x W(q) = W,
so extending scalars defines maps
Ci(—q) @x W{q} =W
in Repg, (Gk) for all ¢ € Z.

Lemma 2.2.1 (Serre-Tate). For W € Repg,. (Gk), the natural Ck-linear G -equivariant
map

&w - @ (Crl(—q) 0k Wig}) = W

q
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is injective. In particular, W{q} = 0 for all but finitely many q and dimxg W{q} < oo for all
q, with 3, dimx W{q} < dimc, W; equality holds here if and only if &w is an isomorphism.

Proof. The idea is to consider a hypothetical nonzero element in ker &y with “shortest length”
in terms of elementary tensors and to use that ker{y is a Ck-subspace yet each W{q}
contains no Cg-lines. To carry out this strategy, consider a nonzero v = (v,), € ker &y We
choose such v with minimal length, where the length ¢(z) for

T = (zq) € Dg(Cr(—q) ®x W{q})

is defined as follows. For an element x, of Cx ®x W{q} we define ¢(x,) to be the least
integer n, > 0 such that z, is a sum of n, elementary tensors, and for a general x = ()
we define ¢(z) = ) l(z,) (which makes sense since ¢(x,) = 0 for all but finitely many q).
Observe that Cx-scaling preserves length.

There is some ¢ such that v, is nonzero, so if we rename W (qy) as W then we can arrange
that vy # 0. By applying a Cx-scaling we can also arrange that vy has a minimal-length
expression vy = Zj Ccjo @ yjo with ¢j0 € Cx, y;0 € W{0} = WO and some ¢;, 0 = 1.

Clearly g(v) —v € ker &, and for each ¢ € Z its gth component is g(v,) —v,. If D" ¢, ®y; 4
is a minimal-length expression for v, then since g(v,) — v, = >_(x(9)"%(¢jq) — Cig) @ Yig
we see that ¢(g(vy) — v,) < L(vy), so g(v,) — v, has length at most ¢(v,). But g(vy) —
vo = ;(9(cjo) — ¢jo) ® yjo has strictly smaller length than vy because ¢j, 0 = 1. Hence,
g(v) — v € ker &y has strictly smaller length than v, so it vanishes. Thus, v = g(v) for all
g€ Gk, 500, € (Cx(—q) @ W{q})°c = C(—q)°c @x W{q} = 0if ¢ # 0 and vy € W{0}
by the Tate—Sen theorem. That is, ker &y € W{0}. Thus, ker &y is a Cg-subspace of W{0}
inside of Cx ®x W, yet W{0} contains no Cg-lines, so ker &y = 0. [ |

Remark 2.2.2. An alternative formulation of the Serre-Tate lemma can be given in terms of
the K-subspaces

Wig] :={w e W|g(w) = x(9) %w for all g € Gx} CW

instead of the K-subspaces W{q} C W(q) from (2.2.1) for all ¢ € Z. Indeed, since non-
canonically we have Wq] ~ W{q}, the Serre-Tate lemma says exactly that the W{q]’s are
finite-dimensional over K and vanish for all but finitely many ¢, and that these are mutually
Cx-linearly independent within W in the sense that the natural map &(Cx ®@x Wlq|) — W
in Repg, (Gk) is injective.

In the special case W = Cg ®q, H"(X%, Qp) for a smooth proper scheme X over K,

Faltings’ Theorem 2.1.3 says that &y is an isomorphism and W{q} (rather than W/q]!) is
canonically K-isomorphic to H"79( X, Qg(/K) for all ¢ € Z.

Example 2.2.3. Let W = Ck(n) for a continuous character n : Gx — Z;. By the Tate-
Sen theorem, W{q} = Cg(nx 9% is 1-dimensional over K if nx~9;, has finite order
(equivalently, if n = x% for a finitely ramified character ¢ : Gx — Z)) and W{q} vanishes
otherwise. In particular, there is at most one ¢ for which W{q} can be nonzero, since if
W{q},W{¢'} # 0 with ¢ # ¢ then n = x% and n = 7%’ with finitely ramified ¢, ¢’ :
Gk = Z), 50 X"|1,; has finite image for 7 = ¢ — ¢’ # 0, which is absurd (use Example 1.1.5).
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An interesting special case of Example 2.2.3 is when K contains Q,(x,), so x(Gk) is
contained in the pro-p group 1 + pZ,. Hence, n = x° makes sense for all s € Z,, and for
W = Cg(n) with such n the space W{q} vanishes for all ¢ when s ¢ Z whereas W{—s} is
1-dimensional over K if s € Z. Thus for s € Z, the map {c,(y+) vanishes if s ¢ Z and it
is an isomorphism if s € Z. The case s € Z is of “non-algebraic” nature, and this property
situation is detected by the map ¢ (ys)-

Definition 2.2.4. A representation W in Repg, (G) is Hodge—Tate if §y is an isomorphism.
We say that V' in Repq (Gr) is Hodge-Tate if Cxx ®q, V € Repg, (Gk) is Hodge-Tate.

Example 2.2.5. If W is Hodge-Tate then by virtue of & being an isomorphism we have
a non-canonical isomorphism W ~ &Cg(—¢)" in Repe, (Gx) with by = dimg W{g}.
Conversely, consider an object W € Repg, (G'x) admitting a finite direct sum decomposition
W ~ &Cgk(—¢)" in Repg, (Gk) with hy > 0 for all ¢ and hy = 0 for all but finitely many
g. The Tate-Sen theorem gives that W{g} has dimension h, for all ¢, so 3 dimyx W{g} =
> g = dimc,c W and hence W is Hodge-Tate. In other words, the intrinsic property of
being Hodge—Tate is equivalent to the concrete property of being isomorphic to a finite direct
sum of various objects Cg(r;) (with multiplicity permitted).

For any Hodge-Tate object W in Repg, (Gk) we define the HodgeTate weights of W
to be those ¢ € Z such that W{q} := (Cg(q) ®c, W)Y, is nonzero, and then we call
h, = dimg W{q} > 1 the multiplicity of ¢ as a Hodge Tate weight of W. Beware that,
according to this definition, ¢ € Z is a Hodge—Tate weight of W precisely when there
is an injection Cg(—¢q) — W in Repg, (Gk), as opposed to when there is an injection
Cxk(q) — W in Repg, (Gk). For example, Ck(q) has —q as its unique Hodge-Tate weight.

Obviously (by Example 2.2.5) if W is Hodge—Tate then so is WV, with negated Hodge-Tate
weights (compatibly with multiplicities), so it is harmless to change the definition of “Hodge—
Tate weight” by a sign. In terms of p-adic Hodge theory, this confusion about signs comes
down to later choosing to use covariant or contravariant functors when passing between
p-adic representations and semilinear algebra objects (as replacing a representation space
with its dual will be the mechanism by which we pass between covariant and contravariant
versions of various functors on categories of representations).

2.3. Formalism of Hodge—Tate representations. We saw via Example 2.2.5 that for
any W in Repg, (Gk), W is Hodge-Tate if and only if its dual W is Hodge-Tate. By the
same reasoning, since

(@qCK(_q)hq) Ock (Qaq’CK(_q/)h;/) ~ @, Cre(—r) it

in Repg, (Gk) we see that if W and W’ are Hodge-Tate then so is W®W’ (with Hodge-Tate
weights that are suitable sums of products of those of W and W’); it is clear that W & W’
is also Hodge—Tate. To most elegantly express how the Hodge—Tate property interacts with
tensorial and other operations, it is useful to introduce some terminology.

Definition 2.3.1. A (Z-)graded vector space over a field F' is an F-vector space D equipped
with direct sum decomposition @,ezD, for F-subspaces D, C D (and we define the ¢th



14 OLIVIER BRINON AND BRIAN CONRAD

graded piece of D to be gri(D) := D,). Morphisms T : D’ — D between graded F-vector
spaces are F-linear maps that respect the grading (i.e., T(D;) C D, for all g). The category
of these is denoted Grp; we let Grp s denote the full subcategory of D for which dimg D is
finite.

For any field F, Grg is an abelian category with the evident notions of kernel, cokernel,
and exact sequence (working in separate degrees). We write F'(r) for r € Z to denote the
F-vector space F' endowed with the grading for which the unique non-vanishing graded piece
is in degree r. For D, D" € Grp we define the tensor product D @ D' to have underlying F-
vector space D ®@p D' and to have gth graded piece @i, j—(D;®F D}). Likewise, if D € Grpy
then the dual DV has underlying F-vector space given by the F-linear dual and its gth graded
piece is DY .

It is easy to check that with these definitions, F(r)QF (r') = F(r+r'), F(r)¥ = F(—r), and
the natural evaluation mapping D® DY — F(0) and double duality isomorphism D ~ (D)
on F-vector spaces for D in Grpy are morphisms in Grp. Observe also that a map in Grp
is an isomorphism if and only if it is a linear isomorphism in each separate degree.

Definition 2.3.2. The covariant functor D = Dy : Repg, (Gk) — Grg is
D(W) = &,W{q} = ®4(Cx(q) ®c, W)".

This functor is visibly left-exact.

In general, the Serre-Tate lemma says that D takes values in Grg,; and more specifically
that dimg D(W) < dimg, W with equality if and only if W is Hodge-Tate. As a simple
example, the Tate-Sen theorem gives that D(Ck(r)) = K(—r) for all r € Z. The functor D
satisfies a useful exactness property on Hodge—Tate objects, as follows.

Proposition 2.3.3. If 0 — W' — W — W" — 0 is a short ezact sequence in Repg, (Gk)
and W is Hodge—Tate then so are W' and W, in which case the sequence

0 — D(W') — D(W) — D(W") — 0

in Grg s is short exact (so the multiplicities for each Hodge—Tate weight are additive in short
exact sequences of Hodge—Tate representations).

Proof. We have a left-exact sequence
2.3.1) 0 — D(W") — D(W) — D(W")
with dimyx D(W’') < dimc, (W’) and similarly for W and W”. But equality holds for W by
the Hodge—Tate property, so

dimg, W = dimg D(W) dimyg D(W') + dimg D(W")
dimc, W' + dimc, W’

= dimg, W,

forcing equality throughout. In particular, W’ and W” are Hodge—Tate and so for K-
dimension reasons the left-exact sequence (2.3.1) is right-exact too. |

<
<
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Example 2.3.4. Although Proposition 2.3.3 says that any subrepresentation or quotient rep-
resentation of a Hodge—Tate representation is again Hodge—Tate, the converse is false in the
sense that if W/ and W” are Hodge-Tate then W can fail to have this property. To give a
counterexample, we recall that H! (G, Cg) # 0 by Theorem 2.1.5. This gives a non-split
exact sequence

(2.3.2) 0—-Cxg—-W—-Cxg—0

in Repg, (Gk), and we claim that such a W cannot be Hodge-Tate. To see this, applying
the left-exact functor D to the exact sequence above gives a left exact sequence

0— K(0) - D(W) — K(0)

of graded K-vector spaces, so in particular D(W) = W{0} = WY If W were Hodge-Tate
then by Proposition 2.3.3 this left exact sequence of graded K-vector spaces would be short
exact, so there would exist some w € W% with nonzero image in K (0). We would then get
a Ck-linear Gg-equivariant section Cx — W via ¢ = cw. This splits (2.3.2) in Repg, (Gk),
contradicting the non-split property of (2.3.2). Hence, W cannot be Hodge-Tate.

The functor D = Dy is useful when studying how the Hodge-Tate property interacts
with basic operations such as a finite scalar extension on K, tensor products, duality, and

replacing K with Kun (i.e., replacing G with I), as we now explain.

Theorem 2.3.5. For any W € Repg, (Gk), the natural map K' @ Dy (W) — Dy, (W) in
Gryr s is an isomorphism for all finite extensions K'/K contained in K C Cg. Likewise,

the natural map K™ @ Dy (W) — D (W) in Grgm , 1s an isomorphism.

In particular, for any finite extension K'/K inside of K, an object W in Repg, (Gk) is
Hodge~Tate if and only if it is Hodge-Tate when viewed in Repg, (Gk+), and similarly W is
Hodge-Tate in Repg, (Gk) if and only if it is Hodge-Tate when viewed in Repg,, (G ) =
Repg,. (/).

This theorem says that the Hodge—Tate property is insensitive to /re\placing K with a finite
extension or restricting to the inertia group (i.e., replacing K with Ku"). This is a prototype
for a class of results that will arise in several later contexts (with properties that refine
the Hodge—Tate property). The insensitivity to inertial restriction is a good feature of the
Hodge—Tate property, but the insensitivity to finite (possibly ramified) extensions is a bad
feature, indicating that the Hodge—Tate property is not sufficiently fine (e.g., to distinguish
between good reduction and potentially good reduction for elliptic curves).

Proof. By a transitivity argument, the case of finite extensions is easily reduced to the
case when K'/K is Galois. We first treat the finite Galois case, and then will need to
do some work to adapt the method to handle the extension Kun /K that is generally not
algebraic but should be thought of as being approximately algebraic (with Galois group
Gk /Ix = Gy). Observe that Gal(K’/K') naturally acts semilinearly on the finite-dimensional
K'-vector space Dy (W) with invariant subspace Dy (W) over K, and likewise Gk /I =
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(), naturally acts semilinearly on the finite-dimensional K'n_vector space D (W) with
invariant subspace D (W) over K.

Hence, for the case of finite (Galois) extensions our problem is a special case of classical
Galois descent for vector spaces: if F'/F is a finite Galois extension of fields and D’ is a
finite-dimensional F’-vector space endowed with a semilinear action by Gal(F”/F') then the
natural map

(2.3.3) F'@p (D' o D

is an isomorphism. (See [8, Ch. II, Lemma 5.8.1] for a proof, resting on the non-vanishing
of discriminants for finite Galois extensions.) This has an easy generalization to arbitrary
Galois extensions F’/F with possibly infinite degree: we just need to impose the additional
“discreteness” hypothesis that each element of D’ has an open stabilizer in Gal(F'/F) (so
upon choosing an F’-basis of D’ there is an open normal subgroup Gal(F”’/F}) that fixes the
basis vectors and hence reduces our problem to the finite case via the semilinear Gal(F;/F)-
action on the Fj-span of the chosen F’-basis of D’).

For the case of I/(R, we have to modify the preceding argument since Kun /K is generally
not algebraic and the group of isometric automorphisms Aut(l/(al/ K) = Gal(K"™/K) =
Gk /Ix = Gy generally acts on the space of [i-invariants in W with stabilizer groups that
are closed but not open. Hence, we require a variant of the Galois descent isomorphism
(2.3.3) subject to a (necessary) auxiliary continuity hypothesis.

First we check that the natural semilinear action on D' := D= (W) by the profinite group
Gy = Gk /I is continuous relative to the natural topology on D’ as a finite-dimensional
K'_vector space. It suffices to check such continuity on the finitely many nonzero graded
pieces D;, separately, and Cg(—¢q) ® g D, with its Gx-action is naturally embedded in W
(by the Serre-Tate injection &y ). Since Gk acts continuously on W by hypothesis and the
natural topology on D; coincides with its subspace topology from naturally sitting in the
Cxk-vector space Cg(—¢q) ® zm Dy, we get the asserted continuity property for the action of
Gk = GK/IK on Dg

Although Gy, acts }/(R—semilinearly rather than ﬁ—linearly on D', since KU is the frac-
tion field of a complete discrete valuation ring & := 0= the proof of Lemma 1.2.6 casily
adapts (using continuity of the semilinear G-action on D’) to construct a Gy-stable &-lattice

A C D’. Consider the natural &-linear GG-equivariant map
(2.3.4) 0 R¢, N — A.

We shall prove that this is an isomorphism with A%* a finite free &x-module. Once this is

proved, inverting p on both sides will give the desired isomorphism K" @x D, (W) ~ D" =
D= (W).
= Kun

To verify the isomorphism property for (2.3.4), we shall argue via successive approxima-

tion by lifting from the residue field & of Ku, Letm e @ x be a uniformizer, so it is also a

uniformizer of & = 0= and G, acts trivially on m. The quotient A/7A is a vector space

over k with dimension equal to d = rankgA = dim I D’ and it is endowed with a natural
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semilinear action by G, = Gal(k/k) that has open stabilizers for all vectors (due to the con-
tinuity of the Gi-action on D’ and the fact that A gets the m-adic topology as its subspace
topology from D’). Hence, classical Galois descent in (2.3.3) (applied to k/k) gives that
A/mA = k@ A in Repz(Gy,) for the d-dimensional k-vector space A = (A/7A)%. In partic-

ular, A/mA ~ " compatibly with Gy-actions, so H'(G}, A/mA) vanishes since H' (G}, k) = 0.
Since 7 is Gg-invariant, a successive approximation argument with continuous 1-cocycles (see
6, §1.2, Lemma 3], applied successively to increasing finite quotients of Gy) then gives that
H! .. (Gr, A) = 0. Hence, passing to Gy-invariants on the exact sequence

0—=ASA—A/TA—0

gives an exact sequence
0 — A% 5 A% — (A/7A)C* — 0.
That is, we have A% /7 - A% ~ (A/7A)%* as k-vector spaces.

Since A%* is a closed Okx-submodule of the finite free & —-module A of rank d and we
have just proved that A% /wA%k is finite-dimensional of dimension d over k = Ok /(7), a
simple approximation argument gives that any lift of a k-basis of A% /TA%r to a subset of
AC* is an Ok-spanning set of A of size d. Thus, A®* is a finitely generated torsion-free
O'r-module, so it is free of rank d since its reduction modulo 7 is d-dimensional over k. Our
argument shows that the map (2.3.4) is a map between finite free &-modules of the same
rank and that this map becomes an isomorphism modulo 7, so it is an isomorphism. [ |

Further properties of D are best expressed by recasting the definition of D in terms of
a “period ring” formalism. This rests on the following innocuous-looking definition whose
mathematical (as opposed to linguistic) importance will only be appreciated after some later
developments.

Definition 2.3.6. The Hodge-Tate ring of K is the Cg-algebra Byt = @4czCxk(q) in which
multiplication is defined via the natural maps Ck(q) ®c, Ck(¢') ~ Cx(q+ ¢').

Observe that Byt is a graded Cg-algebra in the sense that its graded pieces are Cg-
subspaces with respect to which multiplication is additive in the degrees, and that the
natural Gx-action respects the gradings and the ring structure (and is semilinear over Cg).
Concretely, if we choose a basis ¢t of Z,(1) then we can identify Byr with the Laurent
polynomial ring Ck[t, #~!] with the evident grading (by monomials in ¢) and G g-action (via
g(t") = x(g)'t' for i € Z and g € G).

By the Tate-Sen theorem, we have BYX = K. For any W € Repg, (Gk), we have
D(W) = &,(Cx(q) @0, W) = (Bur @c, W)~

in Grg, where the grading is induced from the one on Byr. Since Byt compatibly admits
all three structures of interest (C g-vector space structure, G g-action, grading), we can go in
the reverse direction (from graded K-vector spaces to Cg-representations of G ) as follows.
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Let D be in Grg ¢, so Byt ®x D is a graded Cg-vector space with typically infinite
Cx-dimension:
gr" (Bur ®x D) = @ gr?(Bur) @k Dn—g = §4Cx(q) @K Dnq.
Moreover, the G g-action on Byt ® g D arising from that on Byt respects the grading since
such compatibility holds in By, so we get the object
V(D) = grO(BHT Rk D) = ©,Ck(—q) ®x D, € RepCK(GK)

since D, vanishes for all but finitely many ¢ and is finite-dimensional over K for all ¢ (as
D € Grgs). By inspection V(D) is a Hodge-Tate representation, and obviously V : Grg  —
Repg, (Gk) is a covariant exact functor.

Ezample 2.3.7. For each r € Z, recall that K (r) denotes the 1-dimensional K-vector space K
endowed with unique nontrivial graded piece in degree r. It is easy to check that V(K (r)) =
Cxk(—r). In particular, V(K(0)) = Ck.

For any W in RepCK(G k), the multiplicative structure on By defines a natural Byr-
linear composite comparison morphism

(2.3.5) Yw : Bur @k D(W) — Bur @k (Bar ®c, W) — Bur @c, W

that respects the Gk-actions (from Byt on both sides and from W) and the gradings (from
Byt on both sides and from D(W)) since the second step in (2.3.5) rests on the multiplication
in Byt which is Gg-equivariant and respects the grading of Bgyr. The Serre—Tate lemma
admits the following powerful reformulation:

Lemma 2.3.8. For W in Repg, (Gk), the comparison morphism ~yw is injective. It is an
isomorphism if and only if W is Hodge—Tate, in which case there is a natural isomorphism

V(D(W)) = g (Bur @x D(W)) % gr’(Bur @c, W) = gr(Bur) ®c, W =W
in Repg, (Gk).
Proof. The map vy on gr™’s is the Q,(n)-twist of &y . [ |
We have seen above that if D is an object in Grg ¢ then V(D) is a Hodge-Tate object in
Repg,. (G ), so by Lemma 2.3.8 we obtain a Byr-linear comparison isomorphism
Yv(p) : Bar @k D(V(D)) ~ Bur ®c, V(D)

respecting G g-actions and gradings. Since ng = K and the G-action on the target of
Yv(py respects the grading induced by Bur = @Ck(r), by passing to G'k-invariants on the
source and target of vy (p) we get an isomorphism

D(V(D)) =~ &, (V(D)(r))“*
in Grg with V(D)(r) ~ ®,Ck(r — q) ®x D,. Hence, (V(D)(r))9s = D, by the Tate-Sen
theorem, so we get an isomorphism

D(V(D)) ~ ®,D, = D
in Grg. This proves the first part of:
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Theorem 2.3.9. The covariant functors D and V. between the categories of Hodge—Tate rep-
resentations in Repg, (Gi) and finite-dimensional objects in Grg are quasi-inverse equiva-
lences.

For any W, W' in Repg, (Gk) the natural map
D(W) @ D) — D(W & )
in Grg induced by the G -equivariant map
(Bur @cyx W) ®cy (Buar @cy W) — Bur Qc, (W @c, W)

defined by multiplication in Byt is an isomorphism when W and W' are Hodge—Tate. Like-
wise, if W is Hodge—Tate then the natural map

D(W) @k DWY) — D(W @ W) — D(Ck) = K(0)

in Grg is a perfect duality (between W{q} and WY{—q} for all q), so the induced map
D(WY) — D(W)Y is an isomorphism in Grg . In other words, D is compatible with tensor
products and duality on Hodge—Tate objects.

Similar compatibilities hold for V. with respect to tensor products and duality.

Proof. For the tensor product and duality claims for D, one first checks that both sides have
compatible evident functorial behavior with respect to direct sums in Repg, (Gk). Hence, we
immediately reduce to the special case W = Cg(q) and W’ = Cg(q') for some ¢, ¢ € Z, and
this case is an easy calculation. Likewise, to analyze the natural map V(D) ®c, V.(D') —
V(D ® D’) we can reduce to the easy special case of the graded objects D = K(r) and
D' = K(r') for r,7’" € Z; the case of duality goes similarly. [ |

Definition 2.3.10. Let Repyr(Gx) C Repq,(Gk) be the full subcategory of objects V
that are Hodge-Tate (i.e., Cx ®q, V is Hodge-Tate in Rep, (G )), and define the functor
Dur : Repq, (Gx) — Grr s by

Dur(V) = Dg(Ck ®q, V) = (Bur ®q, V)¥
with grading induced by that on Byr.

Our results in Repg, (Gk) show that Repyy(G k) is stable under tensor product, duality,
subrepresentations, and quotients (but not extensions) in Repq_ (G ), and that the formation
of Dyt naturally commutes with finite extension on K as well as with scalar extension to
Kun, Also, our preceding results show that on Repyr(Gk) the functor Dyt is exact and is
compatible with tensor products and duality. The comparison morphism

Y Bur @k Dut(V) — Buar ®q, V

for V€ Repq (Gr) is an isomorphism precisely when V' is Hodge-Tate (apply Lemma 2.3.8
to W = Ck ®q, V), and hence Dyt : Repyr(Gi) — Grg,y is a faithful functor.

Example 2.3.11. Theorem 2.1.3 can now be written in the following more appealing form:
if X is a smooth proper K-scheme then for n > 0 the representation V' := H% (X%, Q,) is
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in Repyr(Gr) with Dur(V) =~ Hfj..(X/K) == ©H" (X, Q% ;). Thus, the comparison

X/K
morphism 7y takes the form of a Byr-linear Gx-equivariant isomorphism
(2.3.6) Bur @k Hipage(X/K) ~ Bur ®q, H" (X7, Q,)
in Gry.

This is reminiscent of the deRham isomorphism
dr(M) ~ R @q Ha(M, Q)"

for smooth manifolds M, which in the case of finite-dimensional cohomology is described by
the matrix (faj w;) for an R-basis {w;} of Hjy (M) and a Q-basis {o,} of H,(M,Q). The
numbers fgw are classically called periods of M, and to define the deRham isomorphism
relating deRham cohomology to topological cohomology we must use the coefficient ring R
on the topological side. For this reason, the ring Byt that serves as a coefficient ring for
Faltings’ comparison isomorphism (2.3.6) between Hodge and étale cohomologies is called
a period ring. Likewise, the more sophisticated variants on Byt introduced by Fontaine as
a means of passing between other pairs of p-adic cohomology theories are all called period
rings.

Whereas D on the category of Hodge-Tate objects in Repg, (G ) is fully faithful into
Grg,f, Dur on the category Repyr(Gk) of HodgeTate representations of G over Q, is
not fully faithful. For example, if n : Gx — Z) has finite order then Dyr(Q,(n)) =~
K(0) = Dur(Qp) by the Tate-Sen theorem, but Q,(n) and Q, have no nonzero maps
between them when 1 # 1. This lack of full faithfulness is one reason that the functor
Repyr(Gk) — Repg, (Gk) given by V ~~» Cg ®q, V' is a drastic operation and needs to be
replaced by something more sophisticated.

To improve on Dyt so as to get a fully faithful functor from a nice category of p-adic
representations of G into a category of semilinear algebra objects, we need to do two
things: we must refine Byt to a ring with more structure (going beyond a mere grading
with a compatible G k-action) and we need to introduce a target semilinear algebra category
that is richer than Grg y. As a warm-up, we will next turn to the category of étale -
modules. This involves a digression away from studying p-adic representations of G (it
really involves representations of the closed subgroup Gk for certain infinitely ramified
algebraic extensions K, /K inside of K), but it will naturally motivate some of the objects
of semilinear algebra that have to be considered in any reasonable attempt to refine the
theory of Hodge—Tate representations.

3. ETALE ¢-MODULES

We now switch themes to describe p-adic representations of Gg for arbitrary fields F
of characteristic p > 0; later this will be applied with £ = k((u)) for a perfect field k
of characteristic p, so in particular £ must be allowed to be imperfect. The reason such
Galois groups will be of interest to us was sketched in Example 1.3.4. In contrast with the
case of Hodge-Tate representations in Repg, (Gk), for which there was an equivalence with
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the relatively simple category Grg ¢ of finite-dimensional graded K-vector spaces, in our
new setting we will construct an equivalence between various categories of representations
of G and some interesting categories of modules equipped with an endomorphism that is
semilinear over a “Frobenius” operator on the coefficient ring.

We shall work our way up to Q,-representation spaces for G'g by first studying F-
representation spaces for Gz, then general torsion Z,-representation spaces for G, and

finally Z,-lattice representations of G (from which the Q,-case will be analyzed via Lemma
1.2.6).

Throughout this section we work with a fixed field E that is arbitrary with char(E) =p > 0
and we fix a separable closure F;. We let G = Gal(E;/E). We emphasize that E is
not assumed to be perfect, so the p-power endomorphisms of E and F, are generally not
surjective.

3.1. p-torsion representations. We are first interested in the category RepFP(G g) of con-
tinuous representations of G on finite-dimensional F,-vector spaces V; (so continuity means
that the G g-action on V; factors through an action by Gal(E’/E) for some finite Galois ex-
tension E'/E contained in Fy that may depend on V). The role of the ring Byr in §2.3
will now be played by E,, and the relevant structures that this ring admits are twofold: a
Gp-action and the p-power endomorphism ¢g, : Es — E (i.e., x — aP). These two struc-
tures on E respectively play roles analogous to the G g-action on Byt and the grading on
Bur, and the properties ijg = K and grO(BHT) = Ck have as their respective analogues
the identities ES% = E and Ey Bs=l = F,. The compatibility of the G'g-action and grading
on Byt has as its analogue the evident fact that the G'g-action on Ey commutes with the
endomorphism g, : © — 2P (i.e., g(aP) = g(x)P for all x € Es; and g € Gg). We write
vg : E — E to denote the p-power endomorphism of E, so ¢pg,

E = YE-

Whereas in Theorem 2.3.9 we used Byt to set up inverse equivalences D and V' between the
category of Hodge-Tate objects in Repg,. (Gk) and the category Grg s of graded K-vector
spaces, now we will use E to set up an equivalence between the category Repr(G g) and
a certain category of finite-dimensional E-vector spaces equipped with a suitable Frobenius
semilinear endomorphism.

The following category of semilinear algebra objects to later be identified with Repr(G E)
looks complicated at first, but we will soon see that it is not too bad. Below, we write ¢};,(M))
for an E-vector space M to denote the scalar extension £ ®,,,, g My with its natural £-vector
space structure via the left tensor factor.

Definition 3.1.1. An étale p-module over E is a pair (Mo, pn,) where My is a finite-
dimensional E-vector space and ¢y, 1 My — My is a pg-semilinear endomorphism that is
étale in the sense that its E-linearization ¢}, (My) — My is an isomorphism (i.e., v, (M)
spans M, over E, or equivalently the “matrix” of ¢,y relative to a choice of E-basis of M
is invertible). The notion of morphism between étale ¢-modules over FE is defined in the
evident manner, and the category of étale p-modules over E is denoted ® Mg
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Remark 3.1.2. The reason for the word “étale” in the terminology is that an algebraic scheme
X over a field k of characteristic p > 0 is étale if and only if the relative Frobenius map
Fxp: X — X0 = @k X over k is an isomorphism.

We often write M rather than (My, oy, ) to denote an object in the category @M. The
simplest interesting example of an object in ®ME' is My = E endowed with oy, = @p; this
object will simply be denoted as E. It may not be immediately evident how to make more
interesting objects in ®ME', but shortly we will associate such an object to every object in
Repr(GE)'

We now give some basic constructions for making new objects out of old ones. There is
an evident notion of tensor product in ®M&. The notion of duality is defined as follows.
For My € ®ME, the dual My has as its underlying E-vector space the usual E-linear dual
of My, and @yy - My — My carries an E-linear functional ¢ : My — E to the composite
of the E-linear pullback functional ¢%(¢) : ¢5(My) — E and the inverse My ~ ¢%,(M,) of
the E-linearized isomorphism ¢%(My) ~ M, induced by ¢y,. To show that this is an étale
Frobenius structure, the problem is to check that ¢y linearizes to an isomorphism. A slick
method to establish this is via the alternative description of ¢y that is provided in the
following exercise.

FEzercise 3.1.3. Prove that ¢y : My — My is the pp-semilinear map whose E-linearization
0
is the isomorphism
o (M) = (¢p(My))” ~ My
with the final isomorphism defined to be inverse to the linear dual of the E-linear isomorphism
05 (M) ~ My induced by linearization of ¢y, .

In concrete terms, if we choose an E-basis for My and use the dual basis for My, then
the resulting “matrices” that describe the pp-semilinear endomorphisms ¢y, and pyy are
transpose to each other. It is easy to check that the notions of tensor product and duality
as defined in ®M§' satisfy the usual relations (e.g., the natural double duality isomorphism
My ~ MyV is an isomorphism in ® M and the evaluation pairing My @ My — E is a
morphism in ®ME).

Lemma 3.1.4. The category ®ME is abelian. More specifically, if h - M’ — M is a
morphism in ®ME then the induced Frobenius endomorphisms of ker h, im h, and coker h
are étale (i.e., have E-linearization that is an isomorphism).

Proof. Consider the commutative diagram

i (h)

Pr(M') — ¢p(M)

zl i:

M’ M

This induces isomorphisms between kernels, cokernels and images formed in the horizontal
directions, and the formation of kernels, cokernels, and images of linear maps commutes
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with arbitrary ground field extension (such as pg : £ — F). Hence, the desired étaleness
properties are obtained. [ |

We now use E, equipped with its compatible Gg-action and ¢ g-semilinear endomorphism
g, to define covariant functors Dg and Vg between Repr(G £) and ®ME.

Definition 3.1.5. For any Vy € Repg, (GE), define Dg(Vy) to be the E-vector space (E; @,

V)9® equipped with the ¢p-semilinear endomorphism ¢p, ;) induced by pp, ® 1. (This
makes sense since g, commutes with the Gg-action on Ej.)

For any My € ®ME we define V(M) to be the F,-vector space (E, @ My)?=! with its
evident G g-action induced by the Gg-action on Eg; here, ¢ = pp, ® @, -

Some work is needed to check that Dy takes values in @Mgt and that Vg takes values
in Repp, (Gg). Indeed, it is not at all obvious that Dg(Vp) is finite-dimensional over £ in
general, nor that that E-linearization of ¢p, ) is an isomorphism (so Dp(Vp) € PME).
Likewise, it is not obvious that V(M) is finite-dimensional over F,,, though it is clear from
the definition that each element of V(M) has an open stabilizer in G (since such an
element is a finite sum of elementary tensors in £y ® g My, and a finite intersection of open
subgroups is open). Thus, once finite-dimensionality over F, is established then Vg(M,)
will be an object in Repp (GE).

Ezxample 3.1.6. There are two trivial examples that can be worked out by hand. We have
Dy(F,) = E with Frobenius endomorphism ¢ and Vg(E) = F, with trivial Gg-action.

Remark 3.1.7. It is sometimes convenient to use contravariant versions D}, and V7 of the
functors Dg and Vg. These may be initially defined in an ad hoc way via

Dy (Vo) = Dp(Vy'), Vi(Mo) = V(M)

but the real usefulness is due to an alternative formulation: since Fy®yg, V" ~ Homp, (Vo, Es)
compatibly with the pg_-actions and the Gg-actions (defined in the evident way on the Hom-
space, namely (g.¢)(v) = g(£(g~'v))), by passing to G g-invariants we naturally get D% (V) ~
Homp, ¢, (Vo, Es) as E-vector spaces equipped with a ¢g-semilinear endomorphism. Like-
wise, we naturally have an F,[Gg|-linear identification Vi,(My) ~ Hompg ,(My, E,) onto the
space of E-linear Frobenius-compatible maps from M; into Ej.

Let us begin our study of Dg and Vg by checking that they take values in the expected
target categories.

Lemma 3.1.8. For any Vy € Repy, (Gg), the E-vector space Dg(Vy) is finite-dimensional
with dimension equal to dimy, Vo, and the E-linearization of op, ;) s an isomorphism. In
particular, Dg(Vp) lies in ®ME with E-rank equal to the F,-rank of Vj.

For any My € ®ME, the F,-vector space V g(My) is finite-dimensional with dimension at

most dimg My. In particular, Vg(My) lies in Repr(GE) with F,-rank at most dimpg M.

The upper bound for dimg, V(M) in this lemma will be proved to be an equality in
Theorem 3.1.9, but for now it is simpler (and sufficient) to just prove the upper bound.
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Proof. Observe that Ey ®r, Vo equipped with its diagonal G g-action is a finite-dimensional
E-vector space equipped with a semilinear G'g-action that is continuous for the discrete
topology in the sense that each element has an open stabilizer (as this is true for each element
of Es and Vj, and hence for finite sums of elementary tensors). Thus, the classical theorem
on Galois descent for vector spaces in (2.3.3) (applied to E,/E) implies that E, ®g, V; is
naturally identified with the scalar extension to Fy of its E-vector subspace of GG g-invariant
vectors. That is, the natural E-linear G g-equivariant map

(3.1.1) E, ®p Dp(Vo) = E, ®§ (E, ®r, Vo)°" — E, ®r, Vo

induced by multiplication in E, is an isomorphism. In particular, Dg(Vy) has finite E-
dimension equal to dimg, V5. (This isomorphism is an analogue of the comparison morphism
~yw in (2.3.5) defined via multiplication in Byt in our study of Hodge—Tate representations.)

A crucial observation is that (3.1.1) satisfies a further compatibility property beyond the
E-linearity and Gg-actions, namely that it respects the natural Frobenius endomorphisms
of both sides (as is clear from the definition). To exploit this, we first recall that for any
vector space D over any field F' of characteristic p > 0, if ¢p : D — D is a @p-semilinear
endomorphism (with ¢ : F' — F denoting x +— xP) then the F-linearization ¢}(D) — D of
@p is compatible with arbitrary extension of the ground field j : F' — F”’ (as the reader may
easily check, ultimately because ¢ and ¢p are compatible via 7). Applying this to the field
extension I/ — E, we see that the E-linearization of ¢p,(1;) is an isomorphism if and only if
the Eg-linearization of g, ® ¢p,(1;) is an isomorphism. But Frobenius-compatibility of the
Eg-linear isomorphism (3.1.1) renders this property equivalent to the assertion that for any
finite-dimensional F,-vector space V| the Ej-linearization of the Frobenius endomorphism
v, ® 1 of Ey ®p, Vp is an isomorphism. By unravelling definitions we see that this E,-
linearization is naturally identified with the identity map of E; ®, V, so it is indeed an
isomorphism. Hence, we have proved the claims concerning Dg(V}).

Now we turn to the task of proving that Vg(My) has finite F-dimension at most dimg My
(and in particular, it is finite). To do this, we will prove that the natural Fy-linear G-
compatible and Frobenius-compatible map

(3.1.2) E, @, Ve(M) = E, ®r, (E; @ M)¥~" — E, @ Mo

induced by multiplication in Fj is injective. (This map is another analogue of the comparison
morphism for Hodge-Tate representations.) Such injectivity will give dimg, V(M) <
dimg M, as desired.

Since any element in the left side of (3.1.2) is a finite sum of elementary tensors, even
though V(M) is not yet known to be finite-dimensional over F,, it suffices to prove that if
Vi, ..., € Vi(My) = (Es @ My)#=! are Fy-linearly independent then in Es; ®p My they
are Fg-linearly independent. We assume to the contrary and choose a least » > 1 for which
there is a counterexample, say > a;v; = 0 with a; € F; not all zero. By minimality we have
a; # 0 for all 7, and we may therefore apply E-scaling to arrange that a; = 1. Hence,
Uy = — ) 0 ;. But v = p(vy) since v; € Vg(My), so

v = — Z@Es(az’)@(%) == Z v, (ai)vi

i>1 i>1
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since v; € V(M) for all ¢ > 1. Hence,

Z(ai — g, (a;))v; = 0.

i>1
By minimality of » we must have a; = ¢g,(a;) for all i > 1, so a; € EfEs:l = F, for all

i > 1. Thus, the identity v; = —) . ; a;v; has coeflicients in F,, so we have contradicted
the assumption that the v;’s are Fp-linearly independent. [ |

By Lemma 3.1.8, we have covariant functors D, : Repg, (Gp) — ®Mg and Vi : @Mf —
RepFP(G £), and Dp is rank-preserving. Also, since

(Es ®p, V0)?~" = EZ= @5, Vo = Vo, (B, ®p Mo)%" = ES* @ My = M,

(use an F,-basis of Vj and an E-basis of M, respectively), passing to Frobenius-invariants
on the isomorphism (3.1.1) defines an isomorphism Vg(Dg(Vo)) — Vo in Repg, (Gg) and
passing to G g-invariants on the injection (3.1.2) defines an injection Dg(V g(My)) — M, in
DME.

Theorem 3.1.9. Via the natural map VgoDpg ~ id and the functorial inclusion DgoVg —
id, the covariant functors Dg and Vg are exact rank-preserving quasi-inverse equivalences
of categories, and each functor is naturally compatible with tensor products and duality.

Proof. The isomorphism (3.1.1) implies that Dy is an exact functor (as it becomes exact
after scalar extension from E to E). For any two objects Vg and Vj in Repp (GEg), the
natural map

Dp(Vo) @6 De(Vy) — De(Vo @F, V5)

induced by the Frobenius-compatible and G g-equivariant map
(Es @r, Vo) @p (Es ®@p, Vi) — E, @p (Vo @ Vj)

arising from multiplication on Fj is a map in ®M§'. This map is an isomorphism (and so Dg
is naturally compatible with the formation of tensor products) because we may apply scalar
extension from F to Fy and use the isomorphism (3.1.1) to convert this into the obvious
claim that the natural map

(B, @5, Vo) @, (B @5, VJ) — B, ®x, (Vo @r, V)
is an isomorphism.

Similarly we get that D is compatible with the formation of duals: we claim that the
natural map

(3.1.3) Dp(Vo) @ De(Vy') ~ Dp(Vo ®F, V') — Dp(F,) = E

(with second step induced by functoriality of Dy relative to the evaluation morphism Vj ®
Vo' — F, in Repg (Gg)) is a perfect E-bilinear duality between Dg(Vp) and Dg(Vy'),
or equivalently the induced morphism Dg(Vy') — Dg(Vp)Y that is easily checked to be a
morphism in ®M§E is an isomorphism. To verify this perfect duality claim it suffices to check
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it after scalar extension from E to FEj, in which case via (3.1.1) the pairing map is identified
with the natural map

(Es ®F, Vo) ®p, (Es ®F, Vy) ~ E; ®r, (Vo ®F, V') — E,
that is obviously a perfect Fg-bilinear duality pairing.

To carry out our analysis of Vg and Dg o Vg, the key point is to check that Vg is rank-
preserving. That is, we have to show that if dimg My = d then dimg, V(M) = d. Once
this is proved, the injective map (3.1.2) is an isomorphism for F,-dimension reasons and so
passing to Gg-invariants on this isomorphism gives that Dg o Vg — id is an isomorphism.
The compatibility of Vg with respect to tensor products and duality can then be verified
exactly as we did for Dg by replacing (3.1.1) with (3.1.2) and using Vg(F) = F,, to replace
the above use of the identification Dg(F,) = E.

Our problem is now really one of counting: we must prove that the inequality #V (M) <
p? for d := dimp My is an equality. Arguing as in Remark 3.1.7 with M in the role of M,
and using double duality gives Vg (M) ~ Hompg (M, E,). The key idea is to interpret this
set of maps in terms of a system of étale polynomial equations in d variables. Choose a basis
{ma,...,maq} of My, so My has a dual basis {m;'} and @y (m)) = >, ciymy with (c;;) €
Matgxq(E) an invertible matrix. A general E-linear map My — Ej is given by m; +— z; € E;
for each 7, and Frobenius-compatibility for this map amounts to the system of equations
x? = > .cjx; for all j. Hence, we have the identification Vg(My) = HomE—alg(A> Ey),
where

A=E[Xy,... X /(X? =) i Xi)i<i<a-

Clearly A is a finite E-algebra with rank p?, and we wish to prove that its set of E,-valued
points has size equal to p? = dimg A. In other words, we claim that A is an étale E-algebra
in the sense of commutative algebra. This property amounts to the vanishing of Q1 B and
by direct calculation

Oy = (©AAX;)/(O ei;dX))1<j<a.
J
Since det(c;;) € E* C A, the vanishing is clear. |

3.2. Torsion and lattice representations. We wish to improve on the results in §3.1
by describing the entire category Repy, (Gg) of continuous G p-representations on finitely
generated (not necessarily free) Z,-modules, and then passing to Repq, (Gr) by a suitable
localization process. The basic strategy is to first handle torsion objects using Z,-length
induction (and using the settled p-torsion case from §3.1 to get inductive arguments off
the ground), and then pass to the inverse limit to handle general objects in Repy (Gk)
(especially those that are finite free as Z,-modules). One difficulty at the outset is that since
we are lifting our coefficients from F,, to Z, on the G g-representation side, we need to lift the
E-coefficients in characteristic p on the semilinear algebra side to some ring of characteristic
0 admitting a natural endomorphism lifting ¢ (as well as an analogue for F so as to get
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a suitable lifted “period ring”). Since F is generally not perfect, we cannot work with the
Witt ring W (E) (which is generally quite bad if F is imperfect).

Thus, we impose the following hypothesis involving additional auxiliary data that will be
fixed for the remainder of the present discussion: we assume that we are given a complete
discrete valuation ring s with characteristic 0, uniformizer p, and residue field F, and we
assume moreover that there is specified an endomorphism ¢ : 0y — Oy lifting ¢p on the
residue field E. We write & to denote the fraction field O¢[1/p| of Os. Abstract commutative
algebra (the theory of Cohen rings) ensures that if we drop the Frobenius-lifting hypothesis
then there is such an 0 and it is unique up to non-canonical isomorphism. It can be
proved via a direct analysis with explicit Cohen rings that such a pair (Og, ¢) always exists.
However, the present discussion is generally only applied with a special class of fields E for
which we can write down an explicit such pair (Og, ), and such an explicit pair is useful
for some purposes. Hence, we shall now construct such a pair in a special case, and then for
the remainder of this section we return to the general case and assume that such an abstract
pair (Og, ) has been given to us.

Ezample 3.2.1. Assume that E = k((u)) with k perfect of characteristic p > 0. Let W (k)
denote the ring of Witt vectors of k. This is the unique absolutely unramified complete
discrete valuation ring with mixed characteristic (0, p) and residue field k; see §4.2. (If k is
finite, W (k) is the valuation ring of the corresponding finite unramified extension of Q,.) In
this case an explicit pair (O, ) satisfying the above axioms can be constructed as follows.

Let & = W(k)[u]; this is a 2-dimensional regular local ring in which (p) is a prime ideal
at which the residue field is k((u)) = E. Since the localization &, at the prime ideal (p) is
a 1-dimensional regular local ring, it is a discrete valuation ring with uniformizer p. But u is
a unit in this localized ring (since u ¢ (p) in &), so &, is identified with the localization of
the Dedekind domain &[1/u] at the prime ideal generated by p. Hence, the completion &,
of this discrete valuation ring is identified with the p-adic completion of the Laurent-series
ring &[1/u] over W (k). In other words, this completion is a ring of Laurent series over W (k)
with a decay condition on coefficients in the negative direction:

Sy =~ {Zanu” | a, € W(k) and a,, — 0 as n — —oo}.

neZ

We define 0, = &(,,. The endomorphism »_ a,u” +— > o(a,)u™ of & (with o the unique
Frobenius-lift on W (k)) uniquely extends to a local endomorphism of &, and hence to a
local endomorphism ¢ of the completion 0.

Fix a choice of a pair (Og, p) as required above. Since O is a complete discrete valua-
tion ring with residue field £ and we have fixed a separable closure F, of E, the maximal
unramified extension (i.e., strict henselization) O¢" of s with residue field Eg makes sense
and is unique up to unique isomorphism. It is a strictly henselian (generally not complete)
discrete valuation ring with uniformizer p, so its fraction field &™ is 03"[1/p]. By the uni-
versal property of the maximal unramified extension (or rather, of the strict henselization),
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if f:0g — Og is a local map (such as ¢ or the identity) whose reduction f : £ — E is en-

dowed with a specified lifting 7/ : E; — Ej then there is a unique local map f': 03" — 03"
e . : . . . i

over f lifting f. By uniqueness, the formation of such an f’ is compatible with composition.

By taking f = ¢ and 7, = g, we get a unique local endomorphism of %" again
denoted ¢ that extends the given abstract endomorphism ¢ of O, and lifts the p-power
map on F,. Additionally, by taking f to be the identity map and considering varying
f € Gp = Gal(E,/E) we get an induced action of G on O¢" that is simply the classical
identification of Auty, (OF") = Gal(&"™ /&) with the Galois group Gg of the residue field.
Moreover, this Gg-action on O3" is clearly continuous and it commutes with ¢ on O2"
because the uniqueness of our lifting procedure reduces this to the obvious compatibility of
the G g-action Egd Frobenius endomorphism on both ¢ and F,. In particular, the induced
Gg-action on 0" is continuous and commutes with the induced Frobenius endomorphism.

Definition 3.2.2. The category @Mgfg of étale p-modules over Og consists of pairs (A, v 4 )
where . is a finitely generated 0¢-module and ¢ 4 is a @-semilinear endomorphism of .#
whose Og-linearization ¢*(.#) — . is an isomorphism.

Obviously ®M¢E is the full subcategory of p-torsion objects in @M;;‘;, Note that in the
preceding definition we do not require .# to be a finite free module over €, or over one
of its artinian quotients Oz /(p™); this generality is essential for the category @Mgtg to have
nice stability properties. In particular, the étaleness condition in Definition 3.2.2 that ¢ 4,
linearize to an isomorphism cannot generally be described by a matrix condition. Since
©*(A) and A have the same Og-rank and the same invariant factors (due to the uniformizer
p being fixed by ¢), the linearization of ¢ _4 is a linear map between two abstractly isomorphic
finitely generated Os-modules, whence it is an isomorphism if and only if it is surjective. But
surjectivity can be checked modulo p, so we conclude that the étaleness property on ¢, can
be checked by working with the finite-dimensional vector space .# /p . # over Uz/(p) = E.

The category Repzp(G £) has a good notion of tensor product, as well as duality functors
Homg, (-, Q,/Z,) and Homg, (-,Z,) on the respective full subcategories of objects that are
of finite Z,-length and finite free over Z,,.

There are similar tensor and duality functors in the category (IDM%. Indeed, tensor
products .# @ .#' are defined in the evident manner using the @s-module tensor prod-
uct A ®4, #" and the Frobenius endomorphism ¢_s ® ¢ 47, and it is easy to check that this
really is an étale ¢-module; i.e., the Og-linearization of the tensor product Frobenius endo-
morphism is an isomorphism (since this @g-linearization is identified with the tensor product
of the Og-linearizations of ¢ , and ¢ _,+). For duality, we use the functor Homg, (-, O¢) on ob-
jects that are finite free over ¢ and the Frobenius endomorphism of this linear dual is defined
similarly to the p-torsion case over E. That is, for £ € .#" = Homg, (4, Os) the element
o v (0) € A" is the composite of the Og-linear pullback functional *(¢) : *(A#) — O
and the inverse .# ~ p*(#) of the Og-linearization of ¢_,. To verify that this Frobenius
structure is étale (i.e., it linearizes to an isomorphism ¢*(.#) ~ .#) one can establish an
alternative description of ¢ ,v exactly as in Exercise 3.1.3.
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Likewise, on the full subcategory @Mgijtor of objects of finite O¢-length we use the duality
functor Homg, (-, &/ 0s) on which we define a ¢-semilinear endomorphism akin to the finite
free case, now using the natural Frobenius structure on & /0 to identify & /0 with its own
scalar extension by ¢ : O — Og. To see that this is really an étale Frobenius structure one
again works out an alternative description akin to Exercise 3.1.3, but now it is necessary to
give some thought (left to the reader) to justifying that scalar extension by ¢ : Os — O
commutes with the formation of the &/0s-valued dual (hint: the scalar extension ¢ is flat
since it is a local map between discrete valuation rings with a common uniformizer).

It is an important point to check at the outset that @Mgtg is an abelian category. The
content of this verification is to check the étaleness property for the linearized Frobenius
maps between kernels, cokernels, and images. Since the formation of cokernels is right exact
(and so commutes with reduction modulo p), the case of cokernels follows from Lemma
3.1.4 and the observed sufficiency of checking the étaleness property modulo p. Thus, if
f:M" — A is a map in chgg then coker f has an étale Frobenius endomorphism. Since
p: Og — O is flat, the formation of im f and ker f commutes with scalar extension by .
That is, im ¢*(f) ~ ¢*(im f) and similarly for kernels. Since the image of a linear map in a
“module category” is naturally identified with the kernel of projection to the cokernel, the
known isomorphism property for the linearizations of the Frobenius endomorphisms of .#
and coker f thereby implies the same for im f. Repeating the same trick gives the result for
ker f due to the étaleness property for .#’ and im f.

Fontaine discovered that by using the completion 52\“ as a “period ring”, one can de-
fine inverse equivalences of categories between Repy (G'p) and @M, g{ recovering the inverse
equivalences Dg and Vg between p-torsion subcategories in Theorem 3.1.9. To make sense
of this, we first require a replacement for the basic identities E€® = E and E; me=l F,
that lay at the bottom of our work in the p-torsion case in §3.1.

—0G —
Lemma 3.2.3. The natural inclusions Og — O3 " and & — (&w)SE are equalities, and
likewise Z, = (O%)?=" and Q,, = (&)#=1.

The successive approximation method used to prove this lemma will arise again later, but
for now we hold off on axiomatizing it to a wider context.

Proof. Since G and ¢ fix p, and &un — 5’,\;[1/])], the integral claims imply the field claims.
—0G
Hence, we focus on the integral claims. The evident inclusions 0y — 03" " and Z, —

(@1)@:1 are local maps between p-adically separated and complete rings, so it clearly suffices
to prove surjectivity modulo p" for all n > 1. We shall verify this by induction on n, so we
first check the base case n = 1.

By left-exactness of the formation of Gg-invariants, the exact sequence
0— O3 5 O — E,—0

of Og-modules gives a linear injection (@)GE /(p) — EY® = E of nonzero modules over
Og/(p) = E, so this injection is bijective for F-dimension reasons. In particular, the natural
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map Op — (a‘é\n)GE/(p) is surjective. Since EY™ ™" = F,=17Z,/(p), a similar argument gives
that Z, — (0%)¢=!/(p) is surjective. This settles the case n = 1.

Now consider n > 1 and assume that 0y — (@)GE/(p"_l) is surjective. Choose any
§ € (@I)GE; we seek x € O such that £ = x mod p"”. We can choose ¢ € Oy such that
E=cmodp" ! s0 & —c=pt ¢ with ¢ € (@I)GE. By the settled case n = 1 there exists
¢ € O such that ¢ = ¢ mod p, so £ = ¢+ p" !¢ mod p" with ¢+ p"~'¢/ € 0. The case of
p-invariants goes similarly. [

Theorem 3.2.4 (Fontaine). There are covariant naturally quasi-inverse equivalences of
abelian categories

D¢ : Repy (Gg) — CI)M;;, Ve <I>M2tg — Repyz, (GE)
defined by

Dy(V) = (04" ®2, V)7, Vo(M) = (" @4, M)*~.
(The operator p, vy s induced by p on OF".) These functors preserve rank and invariant
factors over Og and Z, (in particular, they are length-preserving over Og and Z, for torsion

objects and preserve the property of being finite free modules over Og and Z,), and are
compatible with tensor products.

The functors De and Vg are each naturally compatible with the formation of the duality
functors Homg, (-, &/0s) and Homg, (-, Q,/Z,) on torsion objects, as well as with the for-
mation of the duality functors Homg, (-, O¢) and Homgz, (-, Z,) on finite free module objects.

We emphasize that it is not evident from the definitions that Dg(V) is finitely generated
over Og for every V in Repy (GE), let alone that its Frobenius endomorphism (induced by

the Frobenius of @1) is étale. Likewise, it is not evident that Vg(M) is finitely generated
over Z, for every M in CIDM%, nor that the G g-action on this (arising from the G g-action

on @1) is continuous for the p-adic topology. These properties will be established in the
course of proving Theorem 3.2.4.

Before we prove Theorem 3.2.4 we dispose of the problem of &g-module finiteness of
Dg(V) for V € Repg, (Gg) via the following lemma that is a generalization of the completed
unramified descent for finite free modules that was established in the course of proving
Theorem 2.3.4.

Lemma 3.2.5. Let R be a complete discrete valuation ring with residue field k. Choose
a separable closure kg of k and let R = R be the completion of the associated maximal
unramified extension R™ of R (with residue field k). Let Gy, = Gal(ks/k) act on R' over R
in the canonical manner.

Let M be a finitely generated R'-module equipped with a semilinear Gy-action that is con-
tinuous with respect to the natural topology on M. The R-module MC* is finitely generated,
and the natural map

Qg - R/ KR (MGk) — M
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is an isomorphism, so M%* has the same rank and invariant factors over R as M does over
R'. In particular, M ~ MC* is an exact functor and MC* is a free R-module if and only if
M is a free R'-module.

This lemma goes beyond the completed unramified descent result that was established
(for the special case R = O but using general methods) in the proof of Theorem 2.3.4
because we now allow M to have nonzero torsion. This requires some additional steps in the
argument.

Proof. Once the isomorphism result is established, the exactness of MY in M follows from
the faithful flatness of R — R’.

Let 7 be a uniformizer of R, so it is also a uniformizer of R’ and is fixed by the Gj-action.
We first treat the case when M has finite R'-length, which is to say that it is killed by 7"
for some r > 1. We shall induct on r in this case. If »r = 1 then M is a finite-dimensional
ks-vector space equipped with a semilinear action of G having open stabilizers, so classical
Galois descent for vector spaces as in (2.3.3) implies that the natural map k, ®, M — M
is an isomorphism. (In particular, M is a finite-dimensional k-vector space.) This is the
desired result in the 7-torsion case.

Now suppose r > 1 and that the result is known in the 7"~ !-torsion case. Let M’ = 7"~ M
and M" = M/M". Clearly M’ is m-torsion and M"” is 7"~ !-torsion. In particular, the settled
m-torsion case gives that M’ is Gg-equivariantly isomorphic to a product of finitely many
copies of k,, so H' (G, M) = 0. Hence, the left-exact sequence of R-modules

0 — M — MG — M9 0

is exact. The flat extension of scalars R — R’ gives exactness of the top row in the following
commutative diagram of exact sequences

0 >~ R/ Qg M/Gk > R/ ®r ]\4G;C —— R Qr M/le > ()

:\LO&NI/ laM OéM//lg

0 M’ M M"———0

in which the outer vertical maps a ;s and o are isomorphisms by the inductive hypothesis.
Thus, the middle map «j; is an isomorphism. This settles the case when M is a torsion
R'-module. In particular, the functor M ~» M%* is exact in the torsion case.

In the general case we shall pass to inverse limits from the torsion case. Fix n > 1. For
all m > n we have an R'-linear G-equivariant right exact sequence

(3.2.1) M/(x™) 5 M/ (™) — M/(z") — 0

of torsion objects, so applying the exact functor of G-invariants gives a right-exact sequence
of finite-length R-modules. But M% ~ lim(M/(7™))%* since M = lim(M/(7x™)), and
. . . . % . % .
passage to inverse limits is exact on sequences of finite-length R-modules, so passing to
the inverse limit (over m) on the right-exact sequence of Gy-invariants of (3.2.1) gives the
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right-exact sequence
M5 MO — (M(7)% — 0

for all n > 1. In other words, the natural R-module map M /(7") — (M/(7x"))% is an
isomorphism for all n > 1.

In the special case n = 1, we have just shown that M /(r) ~ (M/())%*, and our results
in the m-torsion case ensure that (M/(7))%* is finite-dimensional over k. Hence, M /(7)
is finite-dimensional over k = R/() in general. Since MY is a closed R-submodule of the
finitely generated R’-module M, the R-module M&* is m-adically separated and complete.
Thus, if we choose elements of M lifting a finite k-basis of M “* /() then a m-adic successive
approximation argument shows that such lifts span M%* over R. In particular, M%* is a
finitely generated R-module in general.

Now consider the natural map ay; : R’ @z M — M. This is a map between finitely
generated R’-modules, so to show that it is an isomorphism it suffices to prove that the
reduction modulo 7™ is an isomorphism for all n > 1. But aj; mod 7™ is identified with
au/(an) due to the established isomorphism MY /(7™) ~ (M/(n™))%*. Hence, the settled
isomorphism result in the general torsion case completes the argument. [ |

Now we are ready to take up the proof of Theorem 3.2.4.

Proof. For V € Repg (Gg), consider the natural @-linear “comparison morphism”
(322 GF 00, DolV) = GF @0, (OF @, V)% — G @, V.

This is clearly compatible with the natural G g-action and Frobenius endomorphism on both
sides. Setting M = @1 ®z, V, the semilinear action of G on M is clearly continuous (due
to the hypothesis that G acts continuously on V' and the evident continuity of its action
on 5{%\“) Thus, we can apply Lemma 3.2.5 with R = O to deduce that Dg(V) = M is a
finitely generated &g-module and that (3.2.2) is an isomorphism.

We immediately obtain some nice consequences. First of all, the Frobenius structure on
Ds(V) is étale (i.e., its Og-linearization is an isomorphism) because it suffices to check
this after the faithfully flat Frobenius-compatible scalar extension Oy — @1, whereupon
the isomorphism (3.2.2) reduces this étaleness claim to the obvious fact that the Frobenius
endomorphism ¢ ® 1 on the target of (3.2.2) linearizes to an isomorphism. Hence, have
shown that D, does indeed take values in the category (IDM;;;. As such, we claim that
D, is an exact functor that preserves rank and invariant factors (of Z,-modules and Og-
modules) and is naturally compatible with tensor products (in a manner analogous to the
tensor compatibility that we have already established in the p-torsion case in Theorem 3.1.9).
It suffices to check these properties after faithfully flat scalar extension to @1, and after
applying such a scalar extension we may use (3.2.2) to transfer the claims to their analogues

for the functor V'~ a‘;\n ®z, V, all of which are obvious.

Now we can establish half of the claim concerning inverse functors: for any V' in Repg (Gr)
we claim that Vg(Dg(V)) is naturally Z,[Gg|-linearly isomorphic to V' (but we have not
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yet proved that Vi carries general étale p-modules over Og into Repy, (Gg)!). By passing
to p-invariants on the isomorphism (3.2.2) we get a natural Z,[Gg]-linear isomorphism

Ve(Ds(V)) = (03 @2, V)",
so we just have to show that the natural Z,[Ggl-linear map
V — (02 @z, V)
defined by v — 1 ® v is an isomorphism. To justify this, it suffices to show that the diagram
0—Z,— Om S om0

is an exact sequence, since the rightmost term is Z,-flat (so applying V' ®z, (-) then yields
an exact sequence, giving the desired identification of V' with a space of p-invariants).

The identification of Z, with ker(¢ —1) in @1 follows from Lemma 3.2.3, so we just have
to show that ¢ —1 is surjective as a Z,-linear endomorphism of &%". By p-adic completeness
and separatedness of 03", along with the fact that ¢ —1 commutes with multiplication by p,

we can use successive approximation to reduce to checking the surjectivity on @‘ /(p) = E.
But on E; the self-map ¢ — 1 becomes = +— xP — x, which is surjective since Ej is separably
closed.

We now turn our attention to properties of Ve, the first order of business being to show
that it takes values in the category Repg (GE). Our analysis of V¢ rests on an analogue of
Lemma 3.2.5:

Lemma 3.2.6. For any D in CIDM;};, the Z,-module V(D) is finitely generated and the

natural @—linear G g-equivariant Frobenius-compatible map
ﬁ;}gn ®Zp Vg(D) = ﬁggn ®Zp (ﬁgan Ko, D)‘pzl — ﬁ;n Ko, D

is an isomorphism. In particular, Vg(D) is exact in D, it has the same rank and invariant
factors as D, and its formation is naturally compatible with tensor products.

Proof. We will handle the case when D is a torsion object, and then the general case is
deduced from this by passage to inverse limits as in the proof of Lemma 3.2.5. Hence, we
assume that D is killed by p" for some r > 1, and we shall induct on r. The case r = 1
is the known case of étale p-modules over E that we worked out in the proof of Theorem
3.1.9. To carry out the induction, consider » > 1 such that the desired isomorphism result
is known in the general p"~!-torsion case. Letting D' = p"~'D and D" = D/D’, we have an
exact sequence

0—-D —-D—=D"—0
in ®M g‘; with D’ killed by p and D” killed by p"~!. Applying the flat scalar extension

——

Os — O3 gives an exact sequence, and we just need to check that the resulting left-exact
sequence

0 — V@@(D’) — Vg(D) — Vg(DH)
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of p-invariants is actually surjective on the right, for then we can do a diagram chase to infer
the desired isomorphism property for D from the settled cases of D’ and D” much like in
the proof of Lemma 3.2.5.

Consider the commutative diagram of exact sequences of Z,-modules

0—= 05" ®p, D' — 63" ©5, D— 03" ®5, D' —0

1| = =

0—> 05" @9, D' — 03" ©5, D— 05" ©5, D" —>0

The kernels of the maps ¢ — 1 are the submodules of p-invariants, so the induced diagram of
kernels is the left-exact sequence that we wish to prove is short exact. Hence, by the snake
lemma it suffices to show that the cokernel along the left side vanishes. Since D’ is p-torsion,
the left vertical map is the self-map ¢ — 1 of E, ® g D', and we just need to show that this
self-map is surjective. But D’ is an étale ¢-module over E, so our work in the p-torsion case
(see (3.1.1)) gives the Frobenius-compatible F,[Gg]-linear comparison isomorphism

E,@p D ~ E,Qp, V'

with V' = Vg(D') € Repg, (GEg). Hence, the surjectivity problem is reduced to the surjec-
tivity of pp, —1: 2 +— 2P — x on F, which is clear since F is separably closed. [

Returning to the proof of Theorem 3.2.4, as an immediate application of Lemma 3.2.6
we can prove that the Gg-action on the finitely generated Z,-module V¢(D) is continuous
(for the p-adic topology). It just has to be shown that the action is discrete (i.e., has open
stabilizers) modulo p" for all n > 1, but the exactness in Lemma 3.2.6 gives V(D) /(p") ~
Ve(D/(p")), so it suffices to treat the case when D is p"-torsion for some n > 1. In this
case V(D) is the space of p-invariants in @‘ ®p, D = 0"/ (p") ®e, ) D, so it suffices to
prove that the Gg-action on 02" /(p™) has open stabilizers. Even the action on 2" has open
stabilizers, since %" is the rising union of finite étale extensions 0y — O corresponding
to finite separable extensions E’/E inside of E, (with 0% /(p) = E’) and such a finite étale
extension is invariant by the action of the open subgroup Gg C G (as can be checked by
inspecting actions on the residue field). Thus, we have shown that V¢ takes values in the
expected category Repy (Gg).

If we pass to Gg-invariants on the isomorphism in Lemma 3.2.6 then we get an Og-linear

Frobenius-compatible isomorphism
Di(Ve(D)) = (65 ©0, D)°"

for any D € ®M g{@ Let us now check that the target of this isomorphism is naturally
isomorphic to D via the Og-linear Frobenius-compatible map h : D — (@1 ®e, D)E
defined by d +— 1 ® d. It suffices to check the isomorphism property after the faithfully
flat scalar extension O — @1 By Lemma 3.2.5 with M = 5}\“ ®e, D and R = O,
the Og-module MC~ is finitely generated and the natural map @1 ®g, MY® — M is an
isomorphism. But this isomorphism carries the scalar extension @‘ ®e, h of h over to the
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identity map @ ®e, D = M. Hence, the scalar extension of h is an isomorphism, so h is as
well. This completes the verification that V¢ and D, are naturally quasi-inverse functors.

It remains to check the behavior of Ds and V¢ with respect to duality functors. First
consider the full subcategories Repy (Gg)'" and ®M,’ futor of torsion objects, on which we
use the respective duality functors VY= Homgz, (V,Q, / z ») and DY = Homg, (D, & /0f). In
this torsion case the already established tensor compatlblllty of D gives a natural O¢-linear
Frobenius-compatible map

Ds(V) @ Ds(VY) = Dg(V @ VY) = Ds(Qy/Zy),
where (i) we use the evaluation mapping VeoVY — Q,/Z, in the category of Z, |G g]-modules
and (ii) for any Z,[Ggl-module W (such as Q,/Z,) we define Dg(W) = (a‘é\n ®z, W) as
an Og-module endowed with a ¢-semilinear Frobenius endomorphism via the G g-equivariant
Frobenius endomorphism of 52?‘ Clearly D#(Q,/Z,) = (ﬁ/@)GE = (&™) 0% and
the following lemma identifies this space of G g-invariants.

Lemma 3.2.7. The natural Frobenius-compatible map & /Cg — (£ O¥)CE is an isomor-
phism.

Proof. If we express &' /0¢" as the direct limit of its p"-torsion levels (04" - p~™)/O%" for
n — 00, it suffices to prove the analogous claim for the p™-torsion level for each n > 1, and
using multiplication by p" converts this into the claim that Og/(p") — (0% /(p"))“" is an
isomorphism for all n > 1. The injectivity is clear, and the surjectivity was shown in the
proof of Lemma 3.2.3. [ ]

By Lemma 3.2.7, we get a natural &g-linear Frobenius compatible map
(3.2.3) Dg(V) (029 Dg(VV) — (g)/ﬁg

for V € Repzp(G £)™, so this in turn defines a natural Og-linear Frobenius-compatible
duality comparison morphism

We claim that this latter map in CIDMEF is an 1somorphlsm (or equivalently the Og-bilinear
& | Og-valued duality pairing (3.2.3) is a perfect pairing), thereby expressing the natural
compatibility of D with respect to duality functors on torsion objects. To establish this
isomorphism property for torsion V', we observe that both sides of the duality comparison
morphism are exact functors in V', whence we can reduce the isomorphism problem to the
p-torsion case. But in this case it is easy to check that our duality pairing is precisely the
one constructed for D in our study of étale p-modules over E in the proof of Theorem 3.1.9
(using the natural Frobenius-compatible E-linear identification of (& /0¢)[p] with E via the
basis 1/p), and in that earlier work we already established the perfectness of the duality
pairing.

In a similar manner we can establish the compatibility of Ve with duality functors on
torsion objects, by considering the functor

Vi : D~ (08 ®4, D)*7!
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from the category of &s-modules endowed with a ¢-semilinear endomorphism to the category
of Z,|Gg]-modules and verifying that

Ve(8)0s) = ()02 ~ Q,/Z,

via an analogue of Lemma 3.2.7. The details are left to the reader.

Finally, we consider the behavior with respect to duality on objects with finite free module
structures over Z, and 0. In this case we use the duality functors V¥ = Homg_ (V,Z,) and
DY = Homg, (D, Os) (endowed with the evident G and Frobenius structures), and the
tensor compatibility enables us to define duality pairings similarly to the torsion case, now
resting on the identifications Dg(Z,) = O and V(0s) = Z,, from Lemma 3.2.3. We then
get morphisms

in (IDM;/{ and RepZP(G g) respectively which we want to prove are isomorphisms. In view
of the finite freeness of the underlying module structures it suffices to check that these are
isomorphisms modulo p, and the exactness of Ve and D, identifies these mod-p reductions
with the corresponding duality comparison morphisms from the p-torsion theory for V/pV €
Repg,(Gg) and D/pD € OME. But we proved in our study of p-torsion objects that such
p-torsion duality comparison morphisms are isomorphisms. [

3.3. Q,-representations of GGz. We conclude our study of p-adic representations of G by
using our results for Repy (Gg) to describe the category Repg, (Gg) in a similar Frobenius-
semilinear manner. Inspired by Lemma 1.2.6, the idea is that we should use finite-dimensional
&-vector spaces (equipped with suitable Frobenius semilinear automorphisms) rather than
finite free 0g-modules. However, we will see that there is a subtlety, namely that we need
to impose some integrality requirements on the Frobenius structure (whereas in the Galois
case the analogous integrality condition, the existence of a Galois-stable Z,-lattice, is always
automatically satisfied: Lemma 1.2.6). For clarity, we now write ¢4, to denote the Frobenius
endomorphism of ¢ and ¢, to denote the induced endomorphism of its fraction field & =

O¢[1/p].
To motivate the correct definition of an étale p-module over &, consider V' € Repq (Gr)
and define the &-vector space

D.(V) = (6 @q, V)°F

equipped with the ps-semilinear endomorphism ¢p, (1) induced by the G g-equivariant Frobe-

nius endomorphism of & Tt may not be immediately evident if D (V') is finite-dimensional
over & or if its Frobenius structure &-linearizes to an isomorphism, but by Lemma 1.2.6 both
of these properties and more can be readily deduced from our work in the integral case:

Proposition 3.3.1. For V € Repq (Gr) D = Dg(V) has finite &-dimension dims D =
dimq, V, and the &-linearization ¢%(D) — D of ¢p is an isomorphism. Moreover, there is
a pp-stable Og-lattice L C D such that the Og-linearization gp}g(L) — L 1s an isomorphism.
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Proof. By Lemma 1.2.6, we have V = Q, ®z, A for A € RepZP(GE) that is finite free as a
Z,-module. Thus, from the definition it is clear that

Ds(V) =Dg(A)[1/p] =~ & ®p, Dg(A)

as &-vector spaces endowed with a @g-semilinear endomorphism. Since Dg(A) € ®M, g;tp and

this is finite free as an Og-module with rank equal to rankz, (A) = dimg,(V'), we are done
(take L = Dg(A)). |

Proposition 3.3.1 motivates the following definition.

Definition 3.3.2. An étale p-module over & is a finite-dimensional &-vector space D
equipped with a ¢g-semilinear endomorphism ¢p : D — D whose linearization ¢35 (D) — D
is an isomorphism and which admits a ¢p-stable Og-lattice L C D such that (L, ¢p|r) €
OMG (i.e., the linearization ¢}, (L) — L induced by ¢p is an isomorphism). The category
of such pairs (D, ¢p) is denoted ®ME'.

The lattice L in Definition 3.3.2 is auxiliary data and is not at all canonical. In Definition
3.3.2 the existence of the pp-stable L € &M 2)“5 forces ¢p to &-linearize to an isomorphism,
but it seems more elegant to impose this latter étaleness property on ¢p before we mention
the hypothesis concerning the existence of the non-canonical L. Such Og-lattices L are
analogous to Galois-stable Z,-lattices in an object of RepQP(F) for a profinite group I': their
existence is a useful device in proofs, but they are not part of the intrinsic structure of
immediate interest.

Example 3.3.3. The naive definition one may have initially imagined for an étale p-module
over & is a finite-dimensional &-vector space D equipped with a pg-semilinear endomorphism
¢p whose &-linearization is an isomorphism. However, this is insufficient for getting an
equivalence with Repg (G'p) because such objects (D, pp) can fail to admit a Frobenius-
stable (let alone étale) Os-lattice L as in Proposition 3.3.1. The problem is that the Frobenius
endomorphism ¢p can lack good integrality properties; there is no analogue of Lemma 1.2.6
on the Frobenius-semilinear module side.

1

To give a concrete example, let D = & and define ¢op = p~ - pe. In this case for any

nonzero x € D we have

1. ws(T)

pp(x) =p~" - ps(x) =p T

Since the multiplier pg(z)/x lies in &5, the additional factor of 1/p prevents p(z) from
being an Og-multiple of x. The Og-lattices in & are precisely the Og-modules O - x for
x € &%, so we conclude that there is no ¢p-stable Og-lattice L in D (let alone one whose
Frobenius endomorphism linearizes to a lattice isomorphism).

There is an evident functor @M, — ®Mg" given by L ~» L[1/p] = & ®g, L, and clearly
Homg e (L, L)[1/p] = Homg e (L{1/p); L'[1/p)),

so M is identified with the “isogeny category” of @Mg{@. In particular, ®ME is abelian.
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Theorem 3.3.4. The functors Dg(V) := (@ ®q, V)?~! and V(D) := (@ ®¢s D)CE are
rank-preserving exact quasi-inverse equivalences between Repr(GE) and M that naturally
commute with the formation of tensor products and duals.

Proof. If A is a Gg-stable Z,-lattice in V' then we have seen that Dg(V) = Dg(A)[1/p], and
likewise if we choose (as we may by definition) an étale p-module L that is a Frobenius-
stable Og-lattice in a chosen D € ®ME then Vg(D) = Ve(L)[1/p]. Thus, everything
is immediately obtained by p-localization on our results comparing Repzp(G g) and ®M, 2?[0
(using the full subcategories of objects with finite free module structures over Z, and 0s). B

4. FIRST STEPS TOWARD BETTER PERIOD RINGS

4.1. From gradings to filtrations. The ring Byt provides a convenient mechanism for
working with Hodge—Tate representations, but the Hodge—Tate condition on a p-adic repre-
sentation of the Galois group G g of a p-adic field K is too weak to be really useful. What we
seek is a class of p-adic representations that is broad enough to include the representations
arising from algebraic geometry but also small enough to permit the existence of an equiv-
alence of categories with (or at least a fully faithful exact tensor functor to) a category of
semilinear algebra objects. Based on our experience with Hodge-Tate representations and
étale p-modules, we can expect that on the semilinear algebra side we will need to work with
modules admitting some kind of structures like Frobenius endomorphisms and gradings (or
filtrations). We also want the functor relating our “good” p-adic representations of Gk to
semilinear algebra to be defined by a period ring that is “better” than Byr and allows us
to recover Byt (i.e., whatever class of good representations we study should at least be of
Hodge—Tate type).

The ring Bur = ©,Ck(q) is a graded Cg-algebra endowed with a compatible semilinear
G -action. In view of the isomorphism (2.3.6) in Grg, the grading on Byr is closely related
to the grading on the Hodge cohomology Hfj, .. (X) = @pyg=nHP (X, Q% y ) for smooth proper
K-schemes X. To motivate how we should refine By, we can get a clue from the refinement
of Hfj,qee(X) given by the algebraic deRham cohomology Hijy (X/K). This is not the place
to enter into the definition of algebraic deRham cohomology, but it is instructive to record
some of its properties.

For any proper scheme X over any field k£ whatsoever, the algebraic deRham cohomologies
H"(X) = Hjg (X/k) are finite-dimensional k-vector spaces endowed with a natural decreasing
(Hodge) filtration

H*(X) = Fil’(H"(X)) 2 Fil'(H"(X)) 2 --- D Fil"™' (H"(X)) = 0

by k-subspaces and Fil(H"(X))/Fil?* (H"(X)) is naturally a subquotient of H* (X Qg(/k,),

with a natural equality
Fil!(H"(X))/Fil"" (H"(X)) = H" (X, Q% )
if char(k) = 0.
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Definition 4.1.1. A filtered module over a commutative ring R is an R-module M endowed
with a collection {Fil’ M };cz of submodules that is decreasing in the sense that Fil'*! (M) C
Fil'(M) for all i € Z. If UFil'(M) = M then the filtration is ezhaustive and if NFil’(M) = 0
then the filtration is separated. For any filtered R-module M, the associated graded module
is gr*(M) = @;(Fil'(M)/ Fil'*1(M)).

A filtered ring is a ring R equipped with an exhaustive and separated filtration {R’} by
additive subgroups such that 1 € R? and R'- R C R™ for all 1,5 € Z. The associated
graded ring is gr*(R) = @;R'/R"™. If k is a ring then a filtered k-algebra is a k-algebra A
equipped with a structure of filtered ring such that the filtered pieces A’ are k-submodules
of A, and the associated graded k-algebra is gr®(A) = @; A /AT

Example 4.1.2. Let R be a discrete valuation ring with maximal ideal m and residue field
k, and let A = Frac(R). There is a natural structure of filtered ring on A via A* = m’ for
i € Z. In this case the associated graded ring gr®(A) is a k-algebra that is non-canonically
isomorphic to a Laurent polynomial ring k[t, 1/t] upon choosing a k-basis of m/m?. Note

that canonically gr*(A) = gr*(A), where A denotes the fraction field of the completion R of
R.

For a smooth proper C-scheme X, Grothendieck constructed a natural C-linear isomor-
phism Hjg (X/C) ~ C ®q Hf,,(X(C),Q). Complex conjugation on the left tensor factor
of the target defines a conjugate-linear automorphism v — v of Hj (X/C), and by Hodge
theory this determines a canonical splitting of the Hodge filtration on H}, (X/C) via the
C-subspaces H"™%4 := [n=4 N F'4 where F’/ = Fil/(Hix(X/C)); i.e., H" 99 ~ [4/F+! for
all ¢, so FI = @®,>;H" %4, Moreover, in Hodge theory one constructs a natural isomor-
phism H"~ 97 ~ H""9( X QqX/C). In particular, complex conjugation gives rise to a canonical
splitting of the Hodge filtration when the ground field is C.

In the general algebraic case over an arbitrary field k£ of characteristic 0, the best one
has canonically is that for any smooth proper k-scheme X, the k-vector space Hjy (X/k)
is naturally endowed with an exhaustive and separated filtration whose associated graded
vector space

gr* (Hir (X/k)) := €D Fil' (Hip (X/k)) /Fil" (Hig (X/ k)

is the Hodge cohomology @&,H" (X, Q% n

) of X.

A natural idea for improving Faltings’ comparison isomorphism (2.3.6) between p-adic
étale and graded Hodge cohomology via Byt is to replace the graded Cg-algebra Byt
with a filtered K-algebra Bgr endowed with a G k-action respecting the filtration such that
Fil®(Bgr)/Fil*(B4r) ~ Ck as rings and such that there is a canonical Gg-equivariant iso-
morphism gr*(Bgr) ~ Bur as graded Cg-algebras. In this way we can hope that the functor
Dyr(V) = (Bar ®q, V)% on Repq, (Gk) with values in (exhaustive and separated) filtered
K-vector spaces is a finer invariant than Dyr(V') in the sense that on a reasonable class of
V' (within the Hodge-Tate class) the evident natural map

gr*(Dar(V)) — (gr*(Bar) ®q, V)" = (Bur ®q, V)< = Dur(V)
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of graded K-vector spaces is an isomorphism.

Inspired by Example 4.1.2, we are led to seek a complete discrete valuation ring By
over K (with maximal ideal denoted m) endowed with a Gk-action such that the residue
field is naturally G g-equivariantly isomorphic to Cg and the Zariski cotangent space m/m?
is naturally isomorphic to Cg(1) in Repg, (Gk). Since there is a canonical isomorphism
m’/mt ~ (m/m?)® in Repg, (Gk) for all i € Z, for the fraction field Byg of such a ring
B we would then canonically have gr®(Bar) ~ Bur as graded Cg-algebras with G -action.

A naive guess is to take Bjz = Ck[t] with a continuous G g-action given by g(} a,t™) =
> glan)x(g)"t". However, this does not lead to new concepts refining the theory of Hodge—
Tate representations since the Cg-algebra structure on Cg[t] and the powers of the generator
t of the maximal ideal m allow us to canonically define a G -equivariant splitting of the
filtration on m’/m’ for any ¢,7 € Z with j > i. In other words, for such a naive choice
of complete discrete valuation ring the filtration is too closely related to a grading to give
anything interesting (beyond what we already get from the Hodge-Tate theory).

A more promising idea is to imitate the procedure in commutative algebra whereby for
perfect fields k of characteristic p > 0 there is a functorially associated complete discrete
valuation ring W (k) (of Witt vectors) that has uniformizer p and residue field k. (See §4.2.) A
big difference is that now we want to functorially build a complete discrete valuation ring with
residue field Ck of characteristic 0 (and we will not expect to have a canonical uniformizer).
Thus, we cannot use a naive Witt construction (as in §4.2). Nonetheless, we shall see that an
artful application of Witt-style ideas will give rise to the right equicharacteristic-0 complete
discrete valuation ring Bj; for our purposes (and though any complete discrete valuation
ring with residue field F' of characteristic 0 is abstractly isomorphic to F[t] by commutative
algebra, such a structure will not exist for B, in a G -equivariant manner).

We should emphasize at the outset that Bjy will differ from Cg[t] (as complete discrete
valuation rings with G'g-action and residue field Cg) in at least two key respects. First, as
we just noted, there will be no G'x-equivariant ring-theoretic section to the reduction map
from Bj onto its residue field Cg. Second, even the quotient Bj;/m? as an extension of
Cgk by Ck(1) will have no Gk-equivariant additive splitting.

Roughly speaking, the idea behind the construction of Bjj is as follows. Rather than
try to directly make a canonical complete discrete valuation ring with residue field Cg, we
observe that Cx = Oc,[1/p] with Oc,. = lim Oc,. /(p") = lim O/ (p") closely related to p-
power torsion rings. Hence, it is more promising to try to adapt Witt-style constructions for
Oc, than for Cx. We will make a certain height-1 valuation ring Ry of equicharacteristic
p whose fraction field Frac(R) is algebraically closed (hence perfect) such that there is a
natural Gg-action on Rx and a natural surjective G g-equivariant map

0:W(Rk) > Oc,.

(Note that W (Rgk) C W (Frac(Rg)), so W(Rg) is a domain of characteristic 0.) We would
then get a surjective Gg-equivariant map 0 : W(Rg)[1/p] - Oc,[1/p] = Ck. Since
Ry is like a 1-dimensional ring, W (Rk) is like a 2-dimensional ring and so W (Rg)[1/p] is
like a 1-dimensional ring. The ring structure of W (A) is generally pretty bad if A is not
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a perfect field of characteristic p, but as long as the maximal ideal ker fx is principal and
nonzero we can replace W(Rg)[1/p] with its ker x-adic completion to obtain a canonical
complete discrete valuation ring Bj having residue field Cx (and it will satisfy all of the
other properties that we shall require).

4.2. Witt vectors and universal Witt constructions. Let k be a finite field of charac-
teristic p and let A be the valuation ring of the finite unramified extension of Z, with residue
field k. Let [-] : K — A be the multiplicative Teichmiiller lifting (carrying 0 to 0 and sending
k* isomorphically onto p,_1(A) with ¢ = #k), so every element a € A admits a unique
expansion a = Y - [c,|p™ with ¢, € k. For any such a € A and o’ =), [c,]p" € A, it is
natural to ask if we can compute the Teichmiiller expansions of a 4+ a’ and aa’ by “universal
formulas” (independent of k beyond the specification of the characteristic as p) involving
only algebraic operations over F, on the sequences {¢,} and {¢},} in k. Since A is functori-
ally determined by k it is not unreasonable to seek this kind of reconstruction of A in such
a direct manner in terms of k.

One can work out such formulas in some low-degree Teichmiiller coefficients, and then
it becomes apparent that what really matters about £ is not its finiteness but rather its
perfectness. Rather than give a complete development of Witt vectors from scratch, we refer
the reader to [7, Ch. 11, §4-86] for such a development and some aspects of this theory will be
reviewed below as necessary. We assume that the reader has some previous experience with

the ring of Witt vectors W (A) for an arbitrary commutative ring A (not just for F,-algebras
A).

Let A be a perfect F)-algebra (i.e., an F,-algebra for which a — a” is an automorphism
of A). Observe that the additive multiplication map p : W(A) — W(A) is given by (a;) —
(0,ap,al,...), so it is injective and the subset p"W(A) C W(A) consists of Witt vectors
(a;) such that ag = -+ = a,—1 = 0 since A is perfect, so we naturally have W (A)/(p") ~
W, (A) by projection to the first n Witt components. Hence, the natural map W(A) —
lim W(A)/(p") is an isomorphism. Thus, W(A) for perfect F,-algebras A is a strict p-ring
in the sense of the following definition.

Definition 4.2.1. A p-ring is a ring B that is separated and complete for the topology
defined by a specified decreasing collection of ideals by D by O ... such that b,b,, C b,
for all n,m > 1 and B/b; is a perfect F,-algebra (so p € by).

We say that B is a strict p-ring if moreover b; = p'B for all i > 1 (i.e., B is p-adically
separated and complete with B/pB a perfect F,-algebra) and p : B — B is injective.

In addition to W (A) being a strict p-ring for perfect F,-algebras A, a wide class of (gen-
erally non-strict) p-rings is given by complete local noetherian rings with a perfect residue
field of characteristic p > 0 (taking b; to be the ith power of the maximal ideal).

Lemma 4.2.2. Let B be a p-ring. There is a unique set-theoretic section rg : B/b; — B to
the reduction map such that rg(z?) = rg(x)? for allx € B/by. Moreover, rg is multiplicative
and rp(l) = 1.
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Proof. This proceeds by the same method as used in the development of the theory of Witt
vectors, as follows. By perfectness of the F,-algebra B/b;, we can make sense of 27 " for

all ¥ € B/b; and all n > 1. For any choice of lift 27" € B of 2P ", the sequence of

!
n —n

T /\,p
powers zP~ " is Cauchy for the b;-adic topology. Indeed, for n’ > n we have axP™" =
—_— /\/pn /\pn n . .

2P~" mod by, so raising to the p™-power gives xP"" =P " mod (pb?, b} ) since in general

if y = v mod J for an ideal J in a ring R with p € J (such as J = b; in R = B) then
y"" =y mod (pJ", JP") for all n > 1. Since b% C b; for all i > 1 and B is assumed to be
separated and complete for the topology defined by the b;’s, there is a well-defined limit

—_

rg(z) = lim 2»™" € B

n—oo

relative to this topology. Obviously rg(aP) = rp(x)P. If we make another choice of lifting

— — —_— — —pn

P n
2P~ " then the congruence xP" = aP " mod b; implies 2P™" = 27" mod (pb?}, b} ) for
all n > 1, whence the limit 75(z) constructed using these other liftings satisfies rg(x) =
rp(z) mod b, for all n > 1, so rg(x) = rg(x). In other words, rz(z) is independent of the
choice of liftings xP™".

In particular, if pp is a p-power compatible section as in the statement of the lemma then
we could choose xP™" = pg(xP ") for all n > 1 in the construction of rz(z), so

_—pn

7np —n n
" = o) = pp(a).
Passing to the limit gives rg(z) = pp(x). This proves the uniqueness in the lemma, so it
remains to check that rp is multiplicative and r(1) = 1. The latter condition is clear from
the construction, and for the multiplicativity we observe that (xy)?™" can be chosen to be
re(xP ")rp(y? ") in the construction of rz(xy), so passing to p"-powers and then to the limit
gives r5(2)rp(y) = rp(zy). u

An immediate consequence of this lemma is that in a strict p-ring B endowed with the
p-adic topology (relative to which it is separated and complete), each element b € B has the
unique form b =) . rp(b,)p" with b, € B/by = B/pB. This leads to the following useful
universal property of certain Witt rings.

Proposition 4.2.3. If A is a perfect F-algebra and B is a p-ring, then the natural “reduc-
tion” map Hom(W (A), B) — Hom(A, B/by) (which makes sense since A = W(A)/(p) and
p € by) is bijective. More generally, for any strict p-ring A, the natural map

Hom(‘@u B) - Hom(%/(p)7 B/bl)
15 bijective for every p-ring B.

In particular, since B and W (%B/(p)) satisfy the same universal property in the category
of p-rings for any strict p-ring B, strict p-rings are precisely the rings of the form W (A) for
perfect F,-algebras A.
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Proof. Elements € % have the unique form 3 = > r4(6,)p" for 5, € #/(p). By
construction, the multiplicative sections rp and ryg are functorial with respect to any ring
map h :  — B and the associated reduction h : £/(p) — B/by, so

h(B) = hlra(Ba))p" =Y ru(h(B.)p",

whence h is uniquely determined by h. To go in reverse and lift ring maps, we have to show
that if h : #/(p) — B/b; is a given ring map then the map of sets 8 — B defined by

B=> raB)p" = > re(h(B.))p"

is a ring map. This map obviously respects multiplicative identity elements, so we have
to check additivity and multiplicativity. For this it suffices to prove quite generally that
in an arbitrary p-ring C, the ring structure on a pair of elements ¢ = > rc(c? ")p"™ and

¢ = re(d?")p" with sequences {¢,} and {¢,} in C'/¢; is given by formulas

c+d = Z re(Sp(Co, - Cni s PP, el = Z re(Pa(Cos -+ vy CasCly oy C)P )P

for universal polynomials S,,, P, € Z[Xo, ..., X,; Yo, ..., Y,]. In fact, we can take S, and P,
to be the universal nth Witt addition and multiplication polynomials in the theory of Witt
vectors. The validity of such universal formulas is proved by the same arguments as in the
proof of uniqueness of such Witt polynomials. [ |

Let us give two important applications of Proposition 4.2.3. First of all, for a p-adic field
K with (perfect) residue field & we recover the theory of its maximal unramified subex-
tension. Indeed, since Ok endowed with the filtration by powers {m’};>; of its maximal
ideal m is a p-ring, there is a unique map of rings W (k) — Ok lifting the identification
W(k)/(p) = k = Ok /m. Since p has nonzero image in the maximal ideal m of the domain
Ok, this map W (k) — O is local and injective. Moreover, Ok /(p) is thereby a vector
space over W(k)/(p) = k with basis {1,n,..., 77!} for a uniformizer m and e = ordg(p),
so by successive approximation and p-adic completeness and separatedness of O it follows
that {7 }o<i<e is a W(k)-basis of 0. In particular, O is a finite free module over W (k) of
rank e, so likewise K = Ok[1/p] is a finite extension of Ky = W (k)[1/p] of degree e, and it
must be totally ramified as such since the residue fields coincide. We call K the maximal
unramified subfield of K, and for finite k£ this coincides with the classical notion that goes
by the same name.

Remark 4.2.4. Let k denote the algebraic closure of k given by the residue field of O.
Although O is not p-adically complete — so we cannot generally embed W (k) into €% —
the (non-noetherian) valuation ring O¢, is p-adically separated and complete and there is
a canonical local embedding W (k) — Oc,.. However, this is not directly constructed by the
general formalism of p-rings since no quotient of J¢, modulo a proper ideal containing p

is a perfect Fj-algebra. Rather, since K, C K with [K : K] < oo, we have Cx = Ck,
and W (k) is the valuation ring of the completion K" of the maximal unramified extension
of Ko (with residue field k). In particular, O%/(p) = Oc,/(p) is not only an algebra over

W (k)/(p) = k in a canonical manner, but also over W (k)/(p) = k (as can also be proved by
other methods, such as Hensel’s lemma).
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For a second application of Proposition 4.2.3, we require some preparations. If A is any
F,-algebra whatsoever (e.g., A = O%/(p)) then we can construct a canonically associated
perfect F,-algebra R(A) as follows:

R(A) = lim AZ{(%,%,'--)EHA | af, = ; for all i}

TP n>0

with the product ring structure. This is perfect because the additive pth power map on
R(A) is clearly surjective and it is injective since if (x;) € R(A) satisfies (x;)? = (0) then
i1 =af =0 foralli > 1, so (z;) = 0. In terms of universal properties, observe that the
map R(A) — A defined by (z;) — ¢ is a map to A from a perfect F,-algebra, and it is easy
to check that this is final among all maps to A from perfect F,-algebras. For example, if
A is a perfect F,-algebra then the canonical map R(A) — A is an isomorphism (as is also
clear by inspection in such cases). The functoriality of R(A) in A is exhibited in the evident
manner in terms of compatible p-power sequences.

We will be particularly interested in the perfect F,-algebra
R = Rk = R(Og/(p)) = R(Oc/(p))

endowed with its natural G g-action via functoriality. Since O0%/(p) is canonically an algebra
over the perfect field k, likewise by functoriality we have a ring map

(4.2.1) k= R(k) — R(0F/(p)) = R
described concretely by ¢ — (j(c), j(c'/?), j(c/?*),...) where j : k — O/ (p) is the canonical

(even unique) k-algebra section to the reduction map @%/(p) — k. Although Oc, is p-
adically separated and complete, ¢, /(p) is not perfect. If we ignore this for a moment,
then the canonical G g-equivariant map R — Og, /(p) defined by (x,) — x, would uniquely
lift to a ring map
0 : W(R) - ﬁCK

due to the universal property of W(R) in Proposition 4.2.3. It will later be shown how
to actually construct a canonical such G g-equivariant surjection 6 despite the fact that we
actually cannot apply Proposition 4.2.3 in this way (due to Oc, /(p) not being perfect).
The induced Gg-equivariant surjection W(R)[1/p] — Cg via € then solves our original
motivating problem of expressing Cg as a G g-equivariant quotient of a “one-dimensional”
ring, and further work will enable us to replace W (R)[1/p] with a canonical complete discrete
valuation ring.

To proceed further (e.g., to prove that R is a valuation ring with algebraically closed
fraction field and to actually construct € as above), it is necessary to investigate the properties
of the ring R. This is taken up in the next section.

4.3. Properties of R. Although R = R(Oc, /(p)) for a p-adic field K is defined ring-
theoretically in characteristic p as a ring of p-power compatible sequences, it is important
that such sequences can be uniquely lifted to p-power compatible sequences in O¢,. (but
possibly not in 0%). This lifting process behaves well with respect to multiplication in R,
but it expresses the additive structure of R in a slightly complicated manner. To explain
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how this lifting works, it is convenient to work more generally with any p-adically separated
and complete ring (e.g., Oc, but not Op).

Proposition 4.3.1. Let O be a p-adically separated and complete ring. The multiplicative
map of sets

(4.3.1) lim & — R(6/p0)

defined by (x™),>0 — (2™ mod p) is bijective. Also, for any x = (x,) € R(O/p0) and
arbitrary lifts T, € O of x, € O/p0 for allr > 0, the limit £,(x) = liMy, 00 Trym  eTists in
O for all n > 0 and is independent of the choice of lifts Z,.. Moreover, the inverse to (4.3.1)
is given by x +— (£,(x)).

In particular, R(O/p0) is a domain if O is a domain.

Proof. The given map of sets lim & — R(0/p0) makes sense and is multiplicative, and to
make sense of the proposed inverse map we observe that for each n > 0 and m’ > m > 0 we
have

!
m o —m

/\p _ ———
Tty = ZTpim mod po,
!
— m —_— mn . .
SO Tppm! = Tpim  mod p™t1@. Hence, the limit £,(z) makes sense for each n > 0, and

the same argument as in the proof of Lemma 4.2.2 shows that £, (x) is independent of the
choice of liftings z,. The proposed inverse map = +— (¢, (x)) is therefore well-defined, and in
view of it being independent of the liftings we see that it is indeed an inverse map. |

In what follows, for any x € R(€0/p0) as in Proposition 4.3.1 we write 2 € & to denote
the limit £, (2) = limy, oo Trim  for all n > 0.

Remark 4.3.2. The bijection in Proposition 4.3.1 allows us to transfer the natural F,-algebra
structure on R(&/p0) over to such a structure on the inverse limit set lim & of p-power

compatible sequences z = (x(™),5¢ in @. The multiplicative structure is easy to translate
through this bijection: (zy)™ = 2(™y™ . For addition, the proof of the proposition gives

(2 +y)™ = lim (™) 4 g rFmyr™,

Also, if p is odd then (—1)? = —1in &, so (—x™) is a p-power compatible sequence for any
x. Hence, from the description of the additive structure we see that (—z)™ = —z(™ for all
n > 0 and all x when p # 2. This argument fails to work if p = 2, but then (—z)™ = 2™
for all n > 0 since —x = z in such cases (as R(€0/20) is an Fy-algebra if p = 2).

We now fix a p-adic field K and let R denote the domain R(0%/(p)) = R(Cc, /(p)) of
characteristic p. An element € R will be denoted (z,,),>0 when we wish to view its p-power
compatible components as elements of O¢, /(p) and we use the notation (™), >4 to denote
its unique representation using a p-power compatible sequence of elements z(™ € @¢,.. An
element z € R is a unit if and only if the component xy € O%/(p) is a unit, so R is a local
ring. Also, since every element of 0% is a square, it is easy to check (e.g., via Proposition
4.3.1) that the nonzero maximal ideal m of R satisfies m = m?. In particular, R is not
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noetherian. The ring R has several non-obvious properties which are used throughout the
development of p-adic Hodge theory, and the remainder of this section is devoted to stating
and proving these properties (not all of which will be used in these notes).

Lemma 4.3.3. Let |- |, : Cx — pQ U {0} be the normalized absolute value satisfying
Ipl, = 1/p. The map |- |g : R — pRU {0} defined by x = (z™) — [2|, is an absolute
value on R that makes R the valuation ring for the unique valuation vg on Frac(R) extending
—log, |- |r on R (and having value group Q).

Also, R is vg-adically separated and complete, and the subfield k of R maps isomorphically
onto the residue field of R.

Proof. Obviously (¥ = 0 if and only if z = 0, and |zy|r = |z|r|y|r since (vy)© = z(yO).

To show that |z + y|gr < max(|z|g, |y|r) for all z,y € R, we may assume z,y # 0, so

2@ ¢y© £ 0. By symmetry we may assume |z(?], < [y9|,, so for all n > 0 we have

2], = 2O <y OpT = |y,

The ratios z(™ /y™ therefore lie in O, for n > 0 and form a p-power compatible sequence.
This sequence is therefore an element z € R and clearly yz = x in R, so y|x in R. Hence,

[ +ylr = ly(z +Dlr = lylalz + 1z < |y[z < max(|z|g, |y|r).
The same argument shows that R is the valuation ring of vg on Frac(R).

To prove | - [g-completeness of R, first note that if we let v = —log,| - |, on Cg then
vg(z) = v(@®) = pu(x™) for n > 0. Thus, vg(x) > p" if and only if v(z™) > 1 if and
only if 2™ mod p = 0. Hence, if we let

0,: R— Oc,/(p)

denote the ring homomorphism =z = (2,,,)m>0 — @, then {z € R|vg(x) > p"} = ker6,.
In view of how the inverse limit R sits within the product space [],,~,(0c,/(p)), or more
specifically since x,, = 0 implies x,,, = 0 for all m < n, we conclude that the v-adic topology
on R coincides with its subspace topology within [ [, -,(€c, /(p)) where the factors are given
the discrete topology, so the vz-adic completeness is clear (as R is closed in this product
space due to the definition of R = R(0c¢,. /(p))).

Finally, the definition of the k-embedding of k into R in (4.2.1) implies that 6y : R —»
Ocy/(p) is a k-algebra map, but 6 is local and so induces an injection on residue fields.
Since k — Oc,./(p) induces an isomorphism on residue fields, we are done. |

For v = (z) and y = (y™) in R, we have 2™ = y™ mod p if and only if () =
y® mod p"~"t! for all 0 < i < n, so the vg-adic topology on R also coincides with its closed
subspace topology from sitting as a multiplicative inverse limit within [, ., Oc, where each
factor is given the p-adic topology. This gives an alternative way of seeing the vg-adic
completeness of R.
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Example 4.3.4. An important example of an element of R is

€= (€(n))n20 = (17 Cpa Cp27 .- )

with €@ =1 but e® #£ 1 (so e = (p is a primitive pth root of unity and hence e is a
primitive p"th root of unity for all n > 0). Any two such elements are Z > -powers of each
other. For any such choice of element we claim that

—)=-r_
UR(&T ) p— 1
To see this, by definition we have vg(e — 1) = v((e — 1)) where v = ord, = —log, | - |,,
so we need to describe (¢ — 1)) € 0¢,.. By Remark 4.3.2, in O¢,, we have
(e — DO = lim (e + (=1)W)P",
with ¢ = (,n a primitive p"th root of unity in K and (—1)™ = —1 if p # 2 whereas
(—=1)™ =1 if p = 2. We shall separately treat the cases of odd p and p = 2.
If p is odd then

o : r" p
vp(e —1) = nh_)ngop ord,((m — 1) = nan;O =1 = pEE

If p = 2 then
vr(e — 1) = lim 2" ordy((on + 1) = lim 2" orda(((on — 1) + 2).

Since ordy(Con — 1) = 1/2"71 < ordy(2) for n > 1, we have orda((Con — 1) +2) = orda(Cen — 1)
for n > 1, so we may conclude as for odd p.

Theorem 4.3.5. The field Frac(R) of characteristic p is algebraically closed.

Proof. Since R is a perfect valuation ring of characteristic p, its fraction field is a perfect
field of characteristic p. Hence, our problem is to prove that it is separably closed. Via
the valuation we see that it suffices to prove that any monic polynomial P € R[X] that is
separable over Frac(R) has a root in R when deg P > 0. Since P and its derivative P’ are
relatively prime over Frac(R) by separability, clearing denominators gives U,V € R[X] such
that

PU+ PV =r e R—{0}.

The value group of vg is Q, so further scaling of U and V by a common nonzero element of
R allows us to arrange that vg(r) € ZT. Let m = vg(r) > 1. We will construct a Cauchy
sequence {p,} in R such that P(p,) — 0, so the limit p = lim p,, € R (which exists by the
completeness in Lemma 4.3.3) is a root of P. The construction of {p,} rests on the following
lemma:

Lemma 4.3.6. With m = vg(r) > 1 as defined above, if n > 2m + 1 and § € R satisfies
vr(P(§)) > n then there exists y € R such that vg(y) > n —m and vg(P({ +y)) > n+ 1.
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Granting this lemma for a moment, and assuming furthermore that there exists some
p1 € R satisfying vg(P(p1)) > 2m + 1, we may take & = p; in the lemma (with n = 2m + 1)
to find y; € R such that vg(y;) > m + 1 and vg(P(p1 +y1)) > 2m + 2. We then apply the
lemma to £ = pg := p; +y; and n = 2m + 2, and so on, to construct sequences {p;} and {y;}
in R such that p; 11 = p; +y; for all i > 1, vgr(y;) > m + i, and vg(P(p;)) > 2m + i. Since
vr(pit1 — pi) = vr(y;)) = m + i, the sequence {p;} is Cauchy. Hence, the limit p = lim p;
exists in R and vg(P(p)) = +o0, which is to say P(p) = 0 as desired. It therefore suffices to
find such a p; and to then prove Lemma 4.3.6.

To find p; as just used, for each j > 1 consider the ring map 6, : R — Oc¢,. /(p) defined
by z = (x;) — z;. Since
ker0; = {z € R|vg(z) > p'},
we seek p; € R such that 6;(P(p;)) = 0 for a fixed j large enough so that p’ > 2m + 1.

More generally, for any n > 1 we shall construct t € R such that 6,,(P(t)) = 0. Consider
the induced map 6, : R[X] — (Oc,./(p))[X] given by 6, on coefficients. This carries P to
a monic polynomial ¢) with positive degree, so upon lifting ¢) to a monic polynomial @ in
Oc,.|X] we may choose a root z € Og,. of Q) (as Cg is algebraically closed and @) is a monic
polynomial with positive degree over its valuation ring). The map 6, : R — Oc, /(p) is
surjective (again using that Cy is algebraically closed), so we can pick ¢ € 6, !(z mod p).

Clearly 0,,(P(t)) = (6,(P))(0,(t)) = Q(z mod p) = Q(z) mod p = 0, as desired.

Now we turn to the task of proving Lemma 4.3.6. Recall that vg(r) = m > 1. To find the
required y € R, consider the algebraic expansion

P(X +Y)=P(X)+YP(X)+ ) YIP(X)

for suitable P; € R[X]. For any y € R with vg(y) > n —m we have

vr(P(€+y)) > min(vr(P(§) + P/(€)yn), vr(y’ Pi(§)) 2),

and for any j > 2 clearly vr(y/ P;(€)) > jur(y) > 2vr(y) > 2(n —m) > n + 1. Hence, we
can ignore the contribution from y-degrees beyond the first in our search for y and we just
need to find y € R such that

vr(P(§) +yP(§) =2 n+ L.

The idea is to take y = —P(&)/P'(§), except that we do not know this lies in R (let alone
that vg(y) > n — m) nor that the denominator P’(£) is nonzero. It is enough to check that
vr(P'(€)) < m (so P'(§) #0), for then y = P(£)/P'(£) makes sense in Frac(R) and satisfies

vr(y) = vr(P(§)) — vr(P'(§)) 2 n—m
as required.

To prove the upper bound vg(P’'(£)) < m, we evaluate the identity UP+V P’ = r in R[X]
(with vg(r) =m) at X = ¢ to get

U)PE)+ V(P& =r
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in R. But vg(U(§)P(£)) > vr(P(&)) > n > m = vg(r), so vg(V(§)P'(£)) = vr(r) =

m.
Hence, V(§) and P'(§) are nonzero, and moreover vg(P'(€)) < m as desired. [

Consider an element ¢ € R as in Example 4.3.4 (so £® = 1 and ¢ # 1). Thus,
0o(c) = 1 € Oc,./(p), so the image of ¢ in the residue field k of R is 1. Hence, € — 1 lies
in the maximal ideal mp of R, which we knew anyway from Example 4.3.4 since there we
proved vgr(e —1) = p/(p—1) > 0. By the completeness of R, we get a unique local k-algebra
map k[u] — R satisfying u — ¢ —1 # 0. This map depends on the choice of &, but its image
does not:

Lemma 4.3.7. The image of k[u] in R is independent of €.

Proof. Consider a second choice €', so ¢’ = ¢ for some a € Z). (Note that ¢ lies in the
multiplicative group 1+ mpg that is p-adically separated and complete, so Z,-exponentiation
on here makes sense.) Letting v = ¢ — 1 and 2’ = ¢ — 1 in mg, we can compute formally

¥=e"—1=(1+2)—1=ax+...

in R. Rigorously, the unique local k-algebra self-map of k[u] satisfying u +— (1 4+ w)* — 1
carries the map kJu] — R resting on € to the one resting on ¢’. But this self-map is an
automorphism since (1 +u)® —1=au+ ... with a € Z). [

In view of the lemma, we may define the canonical subfield £ C Frac(R) to be the fraction
field of the canonical image of k[u] in R for any choice of ¢ as in Lemma 4.3.7. By Theorem
4.3.5, the separable closure E; of E within Frac(R) is a separable closure of E. The action
of the Galois group Gk on R extends uniquely to an action on Frac(R), and this does not fix
the image € —1 of u. However, for the extension K, = K (j,~) generated by the components
e of ¢ (for all choices of £) we see that the subgroup G C G is the isotropy group of
e — 1 € R and so is the isotropy group of the intrinsic subfield E C Frac(R). Hence, G_
preserves the separable closure F; C Frac(R), so we get a group homomorphism

GKoo — Aut(ES/E) = GE

Lemma 4.3.8. The map of Galois groups Gk, — Gg is continuous.

Proof. Fix a finite Galois extension E’ of E inside of E; C Frac(R). We may choose a
primitive element z € E' for E' over E. By replacing x with 1/ if necessary, we can
arrange that x € R. The algebraicity of x over E implies that the Gg_-orbit of x is finite,
say {x = x1,...,x,}, with all z; € R. To find an open subgroup of Gg_ that has trivial
image in Gal(E’/E), or equivalently lands in G C G, we just need to show that if g € G

is sufficiently close to 1 then g(z) is distinct from the finitely many elements z, ..., z, that
are distinct from z (forcing g(z) = x). The existence of such a neighborhood of the identity
is immediate from the continuity of the action of Gk on the Hausdorff space R. [ |

A much deeper fact (not used in these notes) that is best understood as part of the theory
of norm fields of Fontaine and Wintenberger is that the continuous map in Lemma 4.3.8 is
in fact bijective and so is a topological isomorphism. (The theory of norm fields even gives
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a functorial equivalence between the categories of finite separable extensions of K, and of
E.) This is the concrete realization of a special case of the abstract isomorphism in (1.3.1).

4.4. The field of p-adic periods Bgg. We have now assembled enough work to carry out
the first important refinement on the graded ring Byr, namely the construction of the field
of p-adic periods Bgr as promised in the discussion following Example 4.1.2. Inspired by the
universal property of Witt vectors in Proposition 4.2.3 and the perfectness of the F,-algebra
R, we seek to lift the Gk-equivariant surjective ring map 6y : R — Oc, /(p) defined by
(x;) — x¢ to a Gg-equivariant surjective ring map 6 : W(R) — Og,.. As we have already
observed, although O¢, is p-adically separated and complete, we cannot use Proposition
4.2.3 because Oc,. /(p) is not perfect. Nonetheless, we will construct such a € in a canonical
(in particular, G g-equivariant) manner.

In the end, the formula for 6 will be very simple and explicit:

00D [ealp™) = "

(Recall that W(R) is a strict p-ring with W(R)/(p) = R, so each of its elements has the
unique form »_[c,]p" with ¢, € R.) This is very much in the spirit of the proof of Proposition
4.2.3 since ¢ = lim,, .. &t for any ¢ € R using any choice of lift &, € Oc,. of ¢, €
Oc,./(p) (with {c,,} a compatible sequence of p-power roots of ¢y € Oc,./(p)). In terms
of the Witt coordinatization (rg,r,...) = > p"[r?""] we expect to have 0 : (ro,71,...) —
S (2 ") Opn but for any r € R we have (r?")(© = (7P " )M)P" =y in O, since r s ™)
is multiplicative. Hence, we expect to have the formula 0 : (rg,r1,...) — > rq(q,n)p". It is a
pain to prove by hand that this explicit formula defines a ring map, so we will proceed in a
more indirect manner.

Since z¥_,, = z, in O¢, /(p) for © = (z;) € R, the projection maps 6, : R — Oc,/(p)
given by x — x,, satisfy Frob o 6,1 = 0,, with Frob : O¢, /(p) — Oc, /(p) denoting the p-
power map. Applying the Witt functor on arbitrary commutative rings to this compatibility
gives a commutative diagram

W(R)

W (6n)
W(enﬂ)l \

W(Ocy/(p)) —5=W(Ocy/(p))

where the bottom side is the usual Frobenius endomorphism ¢ = W (Frob) of the Witt
vectors of any F,-algebra. Let O, : W(R) — W, (0c¢, /(p)) denote the composition of
W (6,,) with the projection W — W, to length-n truncated Witt vectors (on Og,. /(p)-
valued points), so ©,, = f, 0 ©,41 where f, : W,11(Oc,/(p)) — Wn(Oc, /(p)) is the map

(ag,...,a,) — (af,...,ab_;). Thus, we get a canonical map of rings

a: W(R) — lim W, (Oc,/(p))-
I
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We claim that « is bijective. For x = (20™),,50 € R with {#(™} a p-power compatible
sequence in Og,, the map ©,, : W(R) — W, (0c, /(p)) carries the Teichmiiller digit
[z] = (z,0,0,...)
to [z mod p]. Likewise, ©,, carries a general Witt vector w = (wp,ws,...) € W(R) (with
Wy, = (wém)>m20 S R) to
(n)l mod p).

n—

(w(()n) mod p,...,w
Hence, from the definition of « it is a bijective map. Since the valuation vg on R satisfies
vp(r) = ord,(z(®) = p"ord,(z™), it is easy to check that « is a topological isomorphism
when we give each Og, /(p) its discrete topology, R its vg-adic topology, and W (A) =
ano A the product topology for any topological ring A.

Now comes the key point. We want to construct a (continuous G g-equivariant) ring
homomorphism 6 : W(R) — Oc, as if Oc, were a strict p-ring (which it isn’t), so in
particular we hope to have the formula 0 : (r,) — > p”n(L"). But we have a topological and
G k-equivariant identification Oc, = lim Oc, /(p") and we just constructed a topological ring
isomorphism o : W(R) ~ lim . W,(Oc,./(p)) that is also visibly Gkx-equivariant. Hence, it
suffices to construct compatible G g-equivariant maps

Un = Wa(Ocy /(p)) = Ocy /(")

inducing the desired 6 in the inverse limit as n — oo. Such maps 1, can be constructed as
follows.

From the theory of Witt vectors, the set-theoretic map w,, : W,,,1(A) — A given by
7 n—1
(ag,...,a,) —ab +pal  +---+p"a,

is a ring map for any ring A. Taking A = Oc¢,., we can use this to define a canonical map
Wi(Ocy /(D)) = Ocy /(0"):

Lemma 4.4.1. The map ¢, : W,,(Oc,./(p)) — Oc, /(p") defined by
n—1
(Coy-vyCn1) — Wp(Coy. ..y Cno1,0) = ij?;’n_] mod p"
=0

or arbitrary lifts ¢; € Oc,. of ¢; € Oc,. /(p) is well-defined and a map of rings; it uniquely
J K J K
fits into the commutative diagram

Wot1(Ocy) Y Oc,

| |

Wu(Ocy /(p)) > Ocy/(p")

with surjective vertical maps, using componentwise reduction in the left side.

Proof. 1t is clear by hand that 1, is a well-defined map of sets and that it fits into the
given commutative diagram (in view of how w,, is defined), whence 1, must be a ring map
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since the left side is surjective. Alternatively, one can prove directly that the kernel of the
surjective left side is killed by the composite along the top and right sides since the kernel
consists of Witt vectors (pby, ..., pbn_1,bn)- |

By inspection, the visibly G g-equivariant diagram

Woi1 (O /() 2% Gc,. /(p™+)

- |

Wn(ﬁck/(p)) T ﬁck/(pn)

(using reduction along the right side) commutes, whence passing to the inverse limit in n
defines a continuous G g-equivariant ring homomorphism

0: W(R) = lim Wo(Gc, /() — lim O, /(5") = Oc,
fn
(where continuity is relative to the p-adic topology on Oc, and the product topology on
W (R) relative to the vg-adic topology on R). To unravel this, we compute on Teichmiiller
lifts: for r = (r™),s0 € R and [r] = (r,0,0,...) € W(R),
0([r]) = lim 4, (,,([r])) = Lim ¢, ([r™ mod p]) = Lim((r™ )" mod p")
= limr® mod p"
—
= r0,

Hence, on a general Witt vector (ro,r1,...) = > p"[r? "],

0((ra) =D _p 0 ") =D (5 O =D prr,

as desired. This explicit formula makes it evident that 6 is surjective (since R — Oc,. /(p)
via r — ™ ig surjective for each n > 0). In concrete terms, the formula shows that 6 fits
into the following family of commutative diagrams:

W(R) ? Ocy

| T

Wn(R) o W (Oc, /(p)) > Ocy/(p")

Proposition 4.4.2. The continuous surjective Gg-equivariant map 0 : W(R) — Oc,. 1is
open. Also, using the canonical k-algebra map j : k — R to make W (R) into a W (k)-algebra

via W(j), 0 is a W(k)-algebra map via the natural W (k)-algebra structure on Oc,..

Proof. To prove openness, using the product of the valuation topology from R on W(R) and
the p-adic topology on O¢,., we just have to show that if J is an open ideal in R then the
image under 6 of the additive subgroup of vectors (r;) with ro,...,r, € J (for fixed n) is
open in Oc,.. This image is J© + pJ® + ... 4 p»=1J=D where J™ is the image of J
under the map of sets R — O, defined by r — (™. Since O, has the p-adic topology,
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it suffices to show that J™ is open in O, for each m > 0. But J™ = (J*")© 5o to
prove that 6 is open we just have to show that if J is an open ideal in R then J(© is open
in Oc,.. It is enough to work with J’s running through a base of open ideals, so we take
J = {r € R|vg(r) > ¢} with ¢ € Q. Since vg(r) = v(r®) and the map r — 7@ is a
surjection from R onto Og,, clearly for such J we have that J© = {t € O¢, |v(t) > c},
which is certainly open in ¢, . This concludes the proof that § is an open map.

Next, consider the claim that 6 is a map of W (k)-algebras. Recall that O, is made
into a W (k)-algebra via the unique continuous W (k)-algebra map h : W (k) — Oc, lifting
the identity map on k at the level of residue fields. (By such continuity and the p-adic
separatedness and completeness of O, , the existence and uniqueness of such an h is reduced
to the case when k is replaced with a finite extension &'/k, and the unique W (k)-algebra
map W (k') — Og, lifting the inclusion &' — k is built as follows: by W (k)-finiteness it
must land in the valuation ring of a finite extension of K if it exists, so we can pass to the
case when the target is a complete discrete valuation ring, whence the universal property of
W (k') can be used. Concretely, W (k') is just a finite unramified extension of W (k) within K,
the point being that the map on residue fields uniquely determines the map in characteristic
0.) Using p-adic continuity, it is enough to chase Teichmiiller digits.

Our problem is now to show that for each ¢ € k the image h([c]) is equal to 0([j(c)]), where
j : k — R is the canonical k-algebra map defined by ¢ — (¢'/?"),,>0 € R(0%/(p)) = R
and we view O/(p) as a k-algebra over its k-algebra structure via Hensel’s Lemma. The
key point is that ¢ viewed in O%/(p) = Oc, /(p) is just h([c]) mod p (check!), so j(c) =
(h([¢*?™]) mod p) € R. Since the sequence of elements h([c'/?"]) in O, is p-power com-
patible, 5(¢)® = A([c]). Thus, 8(j(0)]) = j(e)® = h((c]). .

We now have a G g-equivariant surjective ring homomorphism
Ok : W(R)[L/p] = Oc,[1/p] = Ck,

but the source ring is not a complete discrete valuation ring. We shall replace W (R)[1/p]
with its ker fx-adic completion, and the reason this works is that ker 8 = (ker §)[1/p] turns
out to be a principal ideal. We now record some facts about ker 6.

Proposition 4.4.3. Choose 7 € R such that 7© = p (ie., @ = (p,p"/2,p"/?",...) €
lim Oc, =R, sovg(m)=1) and let { =&, = [n] —p=(m,—1,...) € W(R).

<——ax—xP

(1) The ideal ker 8 C W (R) is the principal ideal generated by &.
(2) An element w = (rg,r1,...) € ker0 is a generator of ker 0 if and only if ry € R*.

A defect of £, despite its explicitness, is that G does not act on £ in a nice way (but it
does preserve £ - W(R) = kerf). This will be remedied after replacing W(R)[1/p] with its
ker fx-adic completion.

Proof. Clearly (&) = 0([r]) —p = 7@ —p = 0 and kerd N p"W(R) = p" - ker since
W(R)/(kerf) = Oc, has no nonzero p-torsion. Since W(R) is p-adically separated and
complete (as R is a perfect domain, so the p-adic topology on W (R) is just the product
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topology on W (R) using the discrete topology of R), to prove that £ is a principal generator
of ker @ it therefore suffices to show ker 6 C (£, p) = ([n],p). But if w = (r¢,71,...) € ker6
then T(()O) = 0 mod p, so vg(re) = ordp(r(()o)) > 1 = vgr(m) and hence 1y € mR. We conclude

that w € ([ro],p) C ([7],p), as desired.

A general element w = (rg,71,...) € ker # has the form
w=¢&-(rg,r,...) = (m,=1,...)(rg, 7y, ... ) = (wry, 7Pry —rpf ),

so r; = wPr] — ri’. Hence, r; € R* if and only if r{, € R*, and this final unit condition is
equivalent to the multiplier (r{,r],...) being a unit in W(R), which amounts to w being a
principal generator of ker 6 (since W (R) is a domain). |

Corollary 4.4.4. For all j > 1,
W(R) N (ker Ok )’ = (ker 6).
Also, N(ker 0)7 = N(ker O )’ = 0.

Proof. By a simple induction on j and chasing multiples of £, to prove the displayed equality
it suffices to check the case j = 1. This case is clear since W(R)/(kerf) = O¢, has no
nonzero p-torsion.

Since any element of W (R)[1/p] admits a p-power multiple in W (R), we conclude that
N(ker Ok )’ = (N(ker 8)7)[1/p].

To prove this vanishes, it suffices to consider an arbitrary w = (rg,r1,...) € W(R) lying in
N(ker #)7. Thus, w is divisible by arbitrarily high powers of £ = [7] —p = (7, —1,...), 80 ¢ is
divisible by arbitrarily high powers of 7 in R. But vg(w) = 1 > 0, so by vg-adic separatedness
of R we see that o = 0. This says that w = pw’ for some w’ € W(R) since R is a perfect F,-
algebra. Hence, w' € (N(ker 6)7)[1/p] = N(ker Ox)?. Thus, w' € W(R) N (ker k)’ = (ker §)
for all j. This shows that each element of N(ker @)’ in W(R) lies in Np"W (R), and this
vanishes since W (R) is a strict p-ring. |

We conclude that W (R)[1/p] injects into the inverse limit
(4.4.1) Bi; = lim W(R)[1/p]/(ker 0k )’

J

whose transition maps are Gg-equivariant, so B;’R has a natural Gg-action that is com-
patible with the action on its subring W (R)[1/p]. (Beware that in (4.4.1) we cannot move
the p-localization outside of the inverse limit: algebraic localization and inverse limit do
not generally commute with each other, as is most easily seen when comparing the t-adic
completion Q,[t] of Q,[t] = Z,[t][1/p] with its subring Z,[t][1/p] of power series with
“bounded denominators”.) The inverse limit Bj; maps Gx-equivariantly onto each quo-
tient W (R)[1/p]/(ker 0x)? via the evident natural map, and in particular for j = 1 the
map 0k induces a natural G g-equivariant surjective map 63, : Biz = Cg. It is clear that
ker 03 N W(R) = ker 6 and ker 67; N W(R)[1/p] = ker 0 since 61, restricts to x on the
subring W (R)[1/p].
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Proposition 4.4.5. The ring B, is a complete discrete valuation ring with residue field
Cr, and any generator of ker O in W(R)[1/p] is a uniformizer of Bir. The natural map
Bix — W(R)[1/p]/(ker Ok)’ is identified with the projection to the quotient modulo the jth
power of the mazimal ideal for all 7 > 1.

Proof. Since ker 6 is a nonzero principal maximal ideal (with residue field Cg ) in the domain
W(R)[1/p], for j > 1 it is clear that W(R)[1/p]/(ker fx)’ is an artin local ring whose only
ideals are (ker )"/ (ker 0 )7 for 0 < i < j. In particular, an element of BJ; is a unit if and
only if it has nonzero image under 61;. In other words, the maximal ideal ker 6}, consists
of precisely the non-units, so Bjy is a local ring.

Consider a non-unit b € By, so its image in each W (R)[1/p]/(ker fx)’ has the form b;¢
with b; uniquely determined modulo (ker )7~ (with £ as above). In particular, the residue
classes b; mod (ker 0 )’~! are a compatible sequence and so define an element b’ € Bi; with
b = &V'. The construction of b’ shows that it is unique. Hence, the maximal ideal of Bj; has
the principal generator £, and £ is not a zero divisor in Bi.

It is now clear that for each j > 1 the multiples of & in Bj; are the elements killed by the
surjective projection to W (R)[1/p]/(ker 0x)’. In particular, Bj; is -adically separated, so
it is a discrete valuation ring with uniformizer £. We have identified the construction of Bz
as the inverse limit of its artinian quotients, so it is a complete discrete valuation ring. W

The Frobenius automorphism ¢ of W(R)[1/p] does not naturally extend to B since it
does not preserve ker 0 ; for example, p(§) = [7P]—p ¢ ker 0. There is no natural Frobenius
structure on BJ,. Nonetheless, we do have a filtration via powers of the maximal ideal, and
this is a Gg-stable filtration. We get the same on the fraction field:

Definition 4.4.6. The field of p-adic periods (or the de Rham period ring) is Bgr :=
Frac(BJy) equipped with its natural G g-action and Gg-stable filtration via the Z-powers of
the maximal ideal of BJ;.

To show that the filtered field Byg is an appropriate refinement of Byr, we wish to prove
that the associated graded algebra gr*(Bgr) over the residue field Cx of B, (see Example
4.1.2) is Gg-equivariantly identified with the graded Cg-algebra Byr. This amounts to
proving that the Zariski cotangent space of Bjy, which is 1-dimensional over the residue
field Cg, admits a canonical copy of Z,(1); this would be a canonical Z,-line on which
Gk acts by the p-adic cyclotomic character, and identifies the Zariski cotangent space with
Ck(1) as required.

We will do better: we shall prove that B admits a uniformizer ¢, canonical up to Z;-
multiple, on which G acts by the cyclotomic character, and that the set of such t’s is
naturally Z;-equivariantly bijective with the set of Z,-bases of Z,(1) = lim y1,n (K). (Such
elements ¢ do not live in W (R)[1/p], so it is essential to have passed to the completion Bj;
to find such a uniformizer on which there is such a nice Gg-action.) The construction of ¢
rests on elements ¢ € R from Example 4.3.4 as follows.
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Choose ¢ € R with @ =1 and e® # 1, so 0([e] — 1) = e® — 1 = 0. Hence, [¢] -1 €
kerf C ker 03, so [e] =1+ ([¢] — 1) is a 1-unit in the complete discrete valuation ring B
over K. We can therefore make sense of the logarithm

t:=log([e]) =log(1+ ([e] = 1)) = Z(_l)nﬂ

n>1

([e]=1)"
~——— € Bj..

n dR

This clearly lies in the maximal ideal of Bj;. Note that if we make another choice ' then
g’ = ¢ for a unique a € Z,; using the natural Z,-module structure on l-units in R. Hence,
by continuity of the Teichmiiller map R — W (R) relative to the vg-adic topology of R we
have [¢'] = [e]* in W(R). Thus, t' = log([¢’]) = log([]*).

We wish to claim that log([e]*) = a - log([¢]), but this requires an argument because the
logarithm is defined as a convergent sum relative to a topology on Bj; that “ignores” the vg-
adic topology of R whereas the exponentiation procedure [¢]* involves the vg-adic topology
of R in an essential manner. A good way to deal with this is to introduce a topological ring
structure on Bjy that is finer than its discrete valuation topology and relative to which the
natural map W(R) — Bjy is continuous. We leave this to the reader in the form of the
following important multi-part exercise.

Ezercise 4.4.7. This exercise introduces a topological ring structure on W (R)[1/p] that in-
duces the natural vg-adic product topology on the subring W (R) and extends it to a natural
topological ring structure on Bj; whose induced quotient topology on the residue field Cg
is the natural valuation topology. Roughly speaking, for W (R)[1/p] the idea is to impose a
topology using controlled decay of coefficients of Laurent series in p. The situation is funda-
mentally different from topologizing Q, = Z,[1/p] from the topology on Z, because pW (R)
is not open in W (R) (in contrast with pZ, C Z,) when R is given its vg-adic (rather than
its discrete) topology.

(1) For any open ideal a C R and N > 0, let
Una= |J (07?W () +p"W(R)) C W(R)[1/p],

j>—N

where W (J) for an ideal J of R means the ideal of Witt vectors in W (R) whose com-
ponents all lie in .J. Prove that Uy 4 is a Gg-stable W (R)-submodule of W (R)[1/p].

(2) Prove Uniarare € Un,a N Unp and that Uy - Uy g € Unq. Deduce that W(R)[1/p]
has a unique structure of topological ring with the Uy 4’s a base of open neighborhoods
of 0, and that the G g-action on W(R)[1/p] is continuous.

(3) Prove that Uy, N W(R) = W(a) + p"W(R), and deduce that W (R) endowed with
its product topology using the vg-adic topology on R is a closed topological subring
of W(R)[1/p]. Conclude that Ky =W (k)[1/p] C W(R)[1/p] is a closed subfield with
its usual p-adic topology (hint: k is a discrete subring of R).

(4) For each N > 0, prove that p¥ 0c,. C 0x(Uy4) and show that this containment gets
arbitrarily close to an equality for the p-adic topology (i.e., x(Uyq) is contained
in pN*?0c, for arbitrarily small @ > 0) by taking a to be sufficiently small. In
particular, deduce that 0k : W(R)[1/p] — Ck is a continuous open map.
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(5) Prove that the multiplication map ¢ : W(R)[1/p] — W(R)[1/p] is a closed em-
bedding, so all ideals (ker )’ = &/W(R)[1/p] are closed. Conclude that with the
quotient topology on each W(R)[1/p]/(ker x)?, the inverse limit topology on Bix
makes it a Hausdorff topological ring relative to which the powers of the maximal
ideal are closed, W(R) is a closed subring, the multiplication map by & on Bi; is
a closed embedding, and the residue field Cg inherits its valuation topology as the
quotient topology.

We now use the final part of the preceding exercise. Let U C 1 + mp be the subgroup
of elements x such that 2(® = 1 (such as any choice of ). We claim that the logarithm
log([z]) € Bii formed as a convergent sum for the discrete valuation topology is continuous
in x relative to the vg-adic topology of the topological group Ugr C 14+mpg and the topological
ring structure just constructed on Bj;. Since x — log([z]) is an abstract homomorphism
Ur — B between topological groups, it suffices to check continuity at the identity. If a C R
is an ideal and = € (1 + a) N Ug then working in W (R/a) shows that [x] — 1 € W(a), so
([x] = 1)"/n € p~W (a?’) with j = ord,(n) for all n > 1. This gives the required continuity,
in view of how the topology on By is defined.

For any a € Z, and v € Ur we have 2* € Ugr by continuous extension from the case
a € Z* via the tautological continuity of the map = — z(© from R to O¢,.. Likewise, by
continuity of log : Ur — By, for any a € Z, and x € Ur we have log([z%]) = alog([z])
by continuous extension from the case a € Z*. Hence, for ¢ = ¢ with a € Z; we have
t' = log([¢']) = alog([e]) = at.

In other words, the line Z,t in the maximal ideal of Bj; is intrinsic (i.e., independent of
the choice of €) and making a choice of Z,-basis of this line is the same as making a choice

of e. Also, choosing e is literally a choice of Z,-basis of Z,(1) = lim i, (K). For any g € Gk
we have g(e) = X9 in R since g(¢™) = (¢™)x for the primitive p"th roots of unity
e € ¢ for all n > 0. Thus, by the G g-equivariance of the logarithm on 1-units of By,

g(t) =log(g([e])) = log([g(e)]) = log([eX]) = log([e]¥¥)) = x(g)t.

We conclude that Z,t is a canonical copy of Z,(1) as a Gk-stable line in Bj;. Intuitively,
this line is viewed as an analogue of the Z-line Z(1) := ker(exp) C C, and in particular the
choice of a Z,-basis element ¢ is analogous to a choice of 27¢ in complex analysis.

The key fact concerning such elements ¢ is that they are uniformizers of Bj;, and hence
we get a canonical isomorphism gr®(Bgr) ~ Byr. We now prove this uniformizer property.

Proposition 4.4.8. The element t = log([¢]) in Bl is a uniformizer.

Proof. By construction of ¢, 63;(t) = 0. Hence, ¢ is a non-unit. We have to prove that ¢ is
not in the square of the maximal ideal. In view of its definition as an infinite series in powers
([e] = 1)™/n with [e] — 1 in the maximal ideal, all such terms with n > 2 can be ignored.
Thus, we just have to check that [¢] — 1 is not in the square of the maximal ideal. But the
projection from Bj, onto the quotient modulo the square of its maximal ideal is the same as
the natural map onto W (R)[1/p]/(ker 0 )?, so we have to prove that [¢] — 1 is not contained
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in (ker fx)?, or equivalently is not contained in W (R) N (ker 0 )* = (ker §)* = £&2W(R) with
¢ = [n] — p for 7 € R defined by a compatible sequence of p-power roots of p.

To show that [e] — 1 is not a W(R)-multiple of &2, it suffices to project into the Oth
component of W(R) and show that € — 1 is not an R-multiple of 72, That is, it suffices to
prove vg(e — 1) < vg(w?) = 2. But vg(e — 1) = p/(p — 1) by Example 4.3.4, so for p > 2
we have a contradiction. Now suppose p = 2. In this case we will work in W5(R). Since
& = [n?] = 27| +4 = (72,0,...) in W(R), for any w = (ro,71,...) € W(R) we compute
&w = (rom?, 7, ...). However, for p = 2 we have —1 = (1,1,...) in Zy = W(Fy) since
—1=142-1mod4,s0[e] —1=(s—1,e—1,...)in W(R). Thus, if [¢] — 1 were a W (R)-
multiple of €2 for p = 2 then e — 1 = ry7? for some 7, € R. This says vg(e —1) > vg(r?) = 4,
a contradiction since vg(e — 1) =p/(p—1) = 2. [

Remark 4.4.9. Note that the construction of Bj; only involves the field K through its
completed algebraic closure Cx. More specifically, if K’ C Cg is a complete discretely-
valued subfield (so it is a p-adic field, as its residue field &’ is perfect due to sitting between k
and k) then we get the same ring B 1 Whether we use K or K’. The actions of Gk and G on
this common ring are related in the evident manner, namely via the inclusion Gg — G as
subgroups of the isometric automorphism group of Cg. For example, replacing K with K
does not change B;{R but replaces the Gg-action with the underlying Ix-action. Likewise,
the ring Bjy is unaffected by replacing K with a finite extension within K.

We end our preliminary discussion of Bj; by recording some important properties that
are not easily seen from its explicit construction. First of all, whereas W (R)[1/p] does not
contain any nontrivial finite totally ramified extension of Ky = W (k)[1/p] (as it lies inside
of the absolutely unramified p-adic field W (Frac(R))[1/p]), the completion Bi; contains a
unique copy of K as a subfield over K, compatibly with the action of G (and even G, ).
This is due to Hensel’s Lemma: since Bjj is a complete discrete valuation ring over Kp, and
moreover K is a subfield of the residue field Cg that is separable algebraic over Ky, it follows
that K uniquely lifts to a subfield over K in Bj;. The uniqueness of the lifting ensures
that this is a G g-equivariant lifting. This canonical K-structure on B, (and hence on its
fraction field Bggr) plays an important role in the study of finer period rings; it can be shown
that there is no Gk-equivariant lifting of the entire residue field Cx into BJ, (whereas such
an abstract lifting exists by commutative algebra and is not useful).

Another property of Bgr that is hard to see directly from the construction is the de-
termination of its subfield of G g-invariants. As we have just seen, there is a canonical
Gk-equivariant embedding K — BS{R, whence K C Bfl{(. (Nothing like this holds for
W(R)[1/p] if K # Ky.) This inclusion is an equality, due to the Tate-Sen theorem:

Theorem 4.4.10. The inclusion K C Bff}f 18 an equality.

Proof. Since the G k-actions respect the (exhaustive and separated) filtration, the field ex-
tension Bdef of K with the subspace filtration has associated graded K-algebra that injects
into (gr*(Bar))®* = BSX. But by the Tate-Sen theorem this latter space of invariants is
K. We conclude that gr*(B$X) is 1-dimensional over K, so the same holds for B . |
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The final property of Bgr that we record is its dependence on K. An inspection of the
construction shows that Bj depends solely on Oc, and not on the particular p-adic field
K C Oc,.[1/p] = Ck whose algebraic closure is dense in Cx. More specifically, Bj; depends
functorially on Oc, (this requires reviewing the construction of R and #), and the action
of Aut(0c,.) on Bj; via functoriality induces the action of G (via the natural inclusion of
Gk into Aut(0¢,.)). Hence, if K — K’ is a map of p-adic fields and we pick a compatible
embedding K — K’ of algebraic closures then the induced map Og, — Oc,., induces a
map B;R’ P B:{R’ 5 that is equivariant relative to the corresponding map of Galois groups
Gg — Gg. In particular, if the induced map Cx — Cg- is an isomorphism then we have
B:{R K= B;{R, s (compatibly with the inclusion Gg — Gk) and likewise for the fraction

fields. This applies in two important cases: K'/K a finite extension and K’ = K. Tn other
words, Bl and Bgg are naturally insensitive to replacing K with a finite extension or with
a completed maximal unramified extension. The invariance of B(]LR and Bgr under these two
kinds of changes in K is important in practice when replacing G with an open subgroup
or with Iy in the context of studying deRham representations in §6. We will return to this
issue in more detail in Proposition 6.3.8 and the discussion immediately preceding it.

5. FORMALISM OF ADMISSIBLE REPRESENTATIONS

Now that we have developed some experience with various functors between Galois rep-
resentations and semilinear algebra categories via suitable rings with structure, we wish to
axiomatize this kind of situation for constructing and analyzing functors defined via “period
rings” in order that we do not have to repeat the same kinds of arguments every time we
introduce a new period ring. In §6 we shall use the following formalism.

5.1. Definitions and examples. Let F' be a field and G be a group. Let B be an F-
algebra domain equipped with a G-action (as an F-algebra), and assume that the invariant
F-subalgebra E = BY is a field. We do not impose any topological structure on B or F or
G. Our goal is to use B to construct an interesting functor from finite-dimensional F'-linear
representations of G to finite-dimensional E-vector spaces (endowed with extra structure,
depending on B).

We let C' = Frac(B), and observe that G also acts on C' in a natural way.

Definition 5.1.1. We say B is (F, G)-regular if C¢ = B and if every nonzero b € B whose
F-linear span F'b is G-stable is a unit in B.

Note that if B is a field then the conditions in the definition are obviously satisfied. The
cases of most interest will be rather far from fields. We now show how the Tate—Sen theorem
(Theorem 2.1.5) provides two interesting examples of (F, G)-regular domains.

Ezample 5.1.2. Let K be a p-adic field with a fixed algebraic closure K, and let Cg denote
the completion of K. Let G = Gk = Gal(K/K). Let B = Byt = ®,czCxk(n) endowed with
its natural G-action. Non-canonically, B = Cg[T,1/T] with G acting through the p-adic
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cyclotomic character x : Gx — Z5 via g(3_a,T") = > g(a,)x(g)"T". Obviously in this
case C' = Cg(T). We claim that B is (Q,, G)-regular (with B¢ = K).

By the Tate-Sen theorem, B¢ = ©Ck(n)® = K. To compute that C¢ is also equal to
K, consider the G'k-equivariant inclusion of C'= Ck(T') into the formal Laurent series field
Cxk((T)) equipped with its evident G-action. It suffices to show that Ck((T)“ = K. The
action of g € G on a formal Laurent series > ¢, 7" is given by > ¢,T" — > g(cn)x(g)"T™, so
G-invariance amounts to the condition ¢, € Cg(n)¢ for all n € Z. Hence, by the Tate-Sen
theorem we get ¢, = 0 for n # 0 and ¢y € K, as desired.

Verifying the second property in (Q,,, Gk )-regularity goes by a similar method, as follows:
if b € B — {0} spans a Gg-stable Q,-line then G acts on the line Q,b by some character
Y G — Q). It is a crucial fact (immediate from the continuity of the G/x-action on each
direct summand Cg(n) of B = Byr) that ¢ must be continuous (so it takes values in Z5).
Writing the Laurent polynomial b as b =Y ¢; 77, we have ¥(g)b = g(b) = >_ g(c¢;)x(9)’T?, so
for each j we have (¢ "'x?)(g) - g(¢;) = ¢; for all g € Gk. That is, each ¢; is Gg-invariant in
Cx(¢¥71x7). But by the Tate-Sen theorem, for a Z;-valued continuous character n of G, if
Cxk(n) has a nonzero Gg-invariant element then 7|7, has finite order. Hence, (¢)"'x7)|z, has
finite order whenever ¢; # 0. It follows that we cannot have c¢;, c;; # 0 for some j # j', for
otherwise taking the ratio of the associated finite-order characters would give that y’ _j/\ Ix
has finite order, so x|, has finite order (as j — j # 0), but this is a contradiction since x
cuts out an infinitely ramified extension of K. It follows that there is at most one j such
that ¢; # 0, and there is a nonzero ¢; since b # 0. Hence, b = ¢TIV for some j and some
c € Cj, so obviously b € B*.

Ezample 5.1.3. Consider B = BJ; equipped with its natural action by G = G. This is
a complete discrete valuation ring with uniformizer ¢ on which G acts through x and with
fraction field C' = Bqr = B[1/t]. We have seen in Theorem 4.4.10 (using that the associated
graded ring to Bgr is Bmr) that C% = K, so obviously BY = K too. Since Byg is a
field, it follows trivially that Bag is (Qp, G)-regular. Let us consider whether B = BJ; is
also (Q,, G)-regular. The first requirement in the definition of (Q,, G)-regularity for B is
satisfied in this case, as we have just seen. But the second requirement in (Q,, G)-regularity
fails: ¢ € B spans a G-stable Q,-line but ¢t € B*.

The most interesting examples of (Q,, Gk )-regular rings are Fontaine’s rings Bes and By
(certain subrings of Bgr with “more structure”), which turn out (ultimately by reducing
to the study of Byr) to be (Q,, Gk)-regular with subring of G-invariants equal to Ky =
Frac(W(k)) = W(k)[1/p] and K respectively.

In the general axiomatic setting, if B is an (F, G)-regular domain and F denotes the field
C% = B then for any object V in the category Repp(G) of finite-dimensional F-linear
representations of G we define

Dp(V) = (Ber V)",
so Dp(V) is an E-vector space equipped with a canonical map

ay : BRrp Dp(V) > BRr(B®rV)=(BRrB)®rV — BRrV.
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This is a B-linear G-equivariant map (where G acts trivially on Dg(V') in the right tensor
factor of the source), by inspection.

As a simple example, for V = F with trivial G-action we have Dp(F) = BY = F and the
map ay : B =B ®g F — B®p F = B is the identity map. It is not a priori obvious if
Dg(V) always lies in the category Vecg of finite-dimensional vector spaces over E, but we
shall now see that this and much more is true.

5.2. Properties of admissible representations. The aim of this section is to prove the
following theorem which shows (among other things) that dimg Dp(V) < dimp V; in case
equality holds we call V' a B-admussible representation. For example, V = F' is always B-
admissible. In case we fix a p-adic field K and let F' = Q,, and G = Gk then for B = By
this coincides with the concept of being a Hodge-Tate representation. For the ring Bggr
and Fontaine’s finer period rings B.s, and By the corresponding notions are called being a
deRham, crystalline, and semi-stable representation respectively.

Theorem 5.2.1. Fiz V as above.

(1) The map avy is always injective and dimg Dp(V') < dimg V', with equality if and only
if oy 1s an isomorphism.

(2) Let RepR(G) C Repp(G) be the full subcategory of B-admissible representations.
The covariant functor Dg : Rep2(G) — Vecy to the category of finite-dimensional
E-vector spaces is exact and faithful, and any subrepresentation or quotient of a
B-admissible representation is B-admissible.

(3) If Vi, Vs € Reph(G) then there is a natural isomorphism

Dp(V1) ®g Dp(Va) ~ Dp(Vi ®F Va),

so Vi @p Vy € Rep2(G). If V € Rep2(G) then its dual representation V'V lies in
Rep2(G) and the natural map

is a perfect duality between Dg(V') and Dg(V'V).

In particular, Rep2(G) is stable under the formation of duals and tensor products
in Repp(G), and Dg naturally commutes with the formation of these constructions
in Rep2(G) and in Vecp.

Moreover, B-admissibility is preserved under the formation of exterior and sym-
metric powers, and Dg naturally commutes with both such constructions.

Before proving the theorem, we make some remarks.

Remark 5.2.2. In practice F' = Q,, G = Gk for a p-adic field K, and £ = K or E = K|
(the maximal unramified subfield, W (k)[1/p]), and the ring B has more structure (related
to a Frobenius operator, filtration, monodromy operator, etc.). Corresponding to this extra
structure on B, the functor Dp takes values in a category of finite-dimensional E-vector
spaces equipped with “more structure”, with morphisms being those E-linear maps which
“respect the extra structure”.
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By viewing Dp with values in such a category, it can fail to be fully faithful (such as
for B = Byt or B = Bgr using categories of graded or filtered vector spaces respectively),
but for more subtle period rings such as B and By one does get full faithfulness into a
suitably enriched category of linear algebra objects. One of the key results in recent years
in p-adic Hodge theory is a purely linear algebraic description of the essential image of the
fully faithful functor Dp for such better period rings (with the Dp viewed as taking values
in a suitably enriched subcategory of Vecg).

Remark 5.2.3. Once the theorem is proved, there is an alternative description of the B-
admissibility condition on V: it says that B ®p V with its B-module structure and G-action
is isomorphic to a direct sum B®" (for some r) respecting the B-structure and G-action.
Indeed, since ay is G-equivariant and B-linear, we get the necessity of this alternative
description by choosing an E-basis of Dg(V). As for sufficiency, if B ®p V ~ B%" as B-
modules and respecting the G-action then necessarily r = d := dimp V' (as B ®p V is finite
free of rank d over B), and taking G-invariants gives Dp(V) ~ (B%)® = E®? as modules
over BY = E. This says dimg Dg(V) = d = dimp V, which is the dimension equality
definition of B-admissibility.

Proof. First we prove (1). Granting for a moment that «y is injective, let us show the rest
of (1). Extending scalars from B to C := Frac(B) preserves injectivity (by flatness of C
over B), so C ®g Dg(V) is a C-subspace of C @ V. Comparing C-dimensions then gives
dimg Dp(V) < dimp V. Let us show that in case of equality of dimensions, say with common
dimension d, the map ay is an isomorphism (the converse now being obvious). Let {e;} be
an E-basis of Dg(V) and let {v;} be an F-basis of V, so relative to these bases we can
express ay using a d x d matrix (b;;) over B (thanks to the assumed dimension equality).
In other words, e; = Y b;; ® v;. The determinant det(ay ) := det(b;;) € B is nonzero due
to the isomorphism property over C' = Frac(B) (as C' ® g vy is a C-linear injection between
C-vector spaces with the same finite dimension d, so it must be an isomorphism). We want
det(ay ) € B, so then ay is an isomorphism over B. Since B is an (F, G)-regular ring, to
show the nonzero det(ay ) € B is a unit it suffices to show that it spans a G-stable F-line in
B.

The vectors e; = > b;; ®v; € Dp(V) € B®pV are G-invariant, so passing to dth exterior
powers on ay gives that

Aay)(er A+ Aeq) = det(bi)or A+ Avg

is a G-invariant vector in B ®p /\d(V). But G acts on v; A -+ A vg by some character
n:G — F* (just the determinant of the given F-linear G-representation on V'), so G must
act on det(b;;) € B — {0} through the F*-valued n~'.

This completes the reduction of (1) to the claim that ay is injective. Since B is (F, G)-
regular, we have that £ = B¢ is equal to C¢. For Do(V) := (C ®@p V) we also have a



PREPARTORY NOTES ON p-ADIC HODGE THEORY 63

commutative diagram

B®g Dp(V) > B@pV

| |

CRpDc(V)—=CRpV

in which the sides are injective. To prove injectivity of the top it suffices to prove it for
the bottom. Hence, we can replace B with C' so as to reduce to the case when B is a field.
In this case the injectivity amounts to the claim that oy carries an E-basis of Dg(V) to a
B-linearly independent set in B ®¢ V, so it suffices to show that if z1,..., 2, € B®prV are
E-linearly independent and G-invariant then they are B-linearly independent. Assuming to
the contrary that there is a nontrivial B-linear dependence relation among the z;’s, consider
such a relation of minimal length. We may assume it to have the form

i<r

for some r > 2 since B is a field and all z; are nonzero. Applying g € G gives

v =gla) =Y _gb)-gla:) = g(bi) - ;.
i<r i <r
Thus, minimal length for the relation forces equality of coefficients: b; = g(b;) for all i < r,
so b; € BY = E for all i. Hence, we have a nontrivial E-linear dependence relation among
Z1,...,T,, a contradiction.

Now we prove (2). For any B-admissible V' we have a natural isomorphism B®g Dp(V') ~
B®prV, so it is clear that Dp is exact and faithful on the category of B-admissible V’s (since
a sequence of F-vector spaces is exact if and only if it becomes so after applying B&g(-), and
similarly from F' to B). To show that subrepresentations and quotients of a B-admissible V'
are B-admissible, consider a short exact sequence

0=V -V =V"=0

of F|G]-modules with B-admissible V. We have to show that V' and V" are B-admissible.
From the definition it is clear that Dp is left-exact without any B-admissibility hypothesis,
so we have a left-exact sequence of E-vector spaces

O — DB(V/) — DB(V) — DB(V”)
with dimg Dg(V) = d by B-admissibility of V| so d < dimg Dg(V’) + dimg Dg(V"). By

(1) we also know that the outer terms have respective E-dimensions at most d' = dimp V’
and d’ = dimp V", But d = d' + d” from the given short exact sequence of F|[G]-modules,

so these various inequalities are forced to be equalities, and in particular V' and V" are
B-admissible.

Finally, we consider (3). For B-admissible V; and V3, say with d; = dimg Vj, there is an
evident natural map

Dp(V1) ®g Dp(Va) = (B®p V1) ®g (BQp Vo) —» BRp (V1 @ V3)
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that is clearly seen to be invariant under the G-action on the target, so we obtain a natural
FE-linear map

tviv, - Dp(Vi) @p Dp(Va) — Dp(Vi ®@p Va),
with source having E-dimension dyds (by B-admissibility of the V;’s) and target having E-
dimension at most dimg(V; ®p V3) = didy by applying (1) to V} ®p V2. Hence, as long as
this map is an injection then it is forced to be an isomorphism and so V; ® V5 is forced to be
B-admissible. To show that ty, y, is injective it suffices to check injectivity after composing
with the inclusion of Dp(V; @ V) into B®p (V) ®f¢ V2), and by construction this composite
is easily seen to coincide with the composition of the injective map

Dp(Vi) @ Dp(V2) — B®g (Dp(V1) ®g Dp(V2)) = (B ®g Dp(V1)) @5 (B ®@g Dp(V2))
and the isomorphism ay, ®p ay, (using again that the V; are B-admissible).

Having shown that B-admissibility is preserved under tensor products and that Dg nat-
urally commutes with the formation of tensor products, as a special case we see that if V/
is B-admissible then so is V®" for any r > 1, with Dg(V)®" ~ Dg(V®"). The quotient
A'(V) of V" is also B-admissible (since V®" is B-admissible), and there is an analogous
map A" (Dp(V)) — Dp(A"V) that fits into a commutative diagram

(5.2.1) Dp(V)®¥" —=— Dp(V®")

| |

N'(Dp(V)) —= Dp(A"V)

in which the left side is the canonical surjection and the right side is surjective because it is
Dp applied to a surjection between B-admissible representations. Thus, the bottom side is
surjective. But the left and right terms on the bottom have the same dimension (since V' and
A"V are B-admissible, with dimp V' = dimg Dp(V)), so the bottom side is an isomorphism!

The same method works with symmetric powers in place of exterior powers. Note that
the diagram (5.2.1) without an isomorphism across the top can be constructed for any
V' € Repp(G), so for any such V' there are natural E-linear maps A" (Dg(V)) — Dg(A"V)
and likewise for rth symmetric powers, just as we have for tensor powers (and in the B-
admissible case these are isomorphisms).

The case of duality is more subtle. Let V' be a B-admissible representation of G over F'.
To show that V' is B-admissible and that the resulting natural pairing between D (V') and
Dp(VV) is perfect, we use a trick with tensor algebra. For any finite-dimensional vector
space W over a field with dim W = d > 1 there is a natural isomorphism

det(WY) @ A*Y (W) ~ WY
defined by
(LGN NLg) @ (wa A=+ ANwg) — (wy — det(l;(w;))),
and this is equivariant for the naturally induced group actions in case W is a linear represen-
tation space for a group. Hence, to show that V'V is a B-admissible F-linear representation

space for G we are reduced to proving B-admissibility for det(VY) = (det V)" (as then
its tensor product against the B-admissible AY"1(V) is B-admissible, as required). Since
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det V' is B-admissible, we are reduced to the 1-dimensional case (for proving preservation of
B-admissibility under duality).

Now assume the B-admissible V satisfies dimp V' = 1, and let vy be an F-basis of V', so B-
admissibility gives that Dg(V') is 1-dimensional (rather than 0). Hence, Dg(V) = E(b® vy)
for some nonzero b € B. The isomorphism oy : BQg Dp(V) ~ BRrV = B(1®1,) between
free B-modules of rank 1 carries the B-basis b ® vy of the left side to b® vy = b- (1 ® vg) on
the right side, so b € B*. The G-invariance of b ® vy says ¢g(b) ® g(vg) = b® vg, and we have
g(vo) = n(g)vo for some n(g) € F* (as V is a 1-dimensional representation space of G over
F, say with character 1), so 7(g)g(b) = b. Thus, b/g(b) = n(g) € F*. Letting vy be the dual
basis of V'V, it is easy to then compute that Dg(V") contains the nonzero vector b=! ® vy,
so it is a nonzero space. The 1-dimensional V'V is therefore B-admissible, as required.

Now that we know duality preserves B-admissibility in general, we fix a B-admissible V'
and aim to prove the perfectness of the pairing defined by

(. :Dp(V)®p Dp(VY) ~ Dp(V@r V) — Dp(F) = E.

For dimg V' = 1 this is immediate from the above explicitly computed descriptions of Dg(V)
and Dg(V"V) in terms of a basis of V' and the corresponding dual basis of VY. In the general
case, since V and V'V are both B-admissible, for any » > 1 we have natural isomorphisms
N'(Dg(V)) ~ Dg(A"(V)) and A"(Dp(VY)) ~ Dp(A"(VY)) ~ Dg((A"V)Y) with respect to
which the pairing
Np(Dp(V)) @ Ng(Dp(VY)) — E

induced by (-,-)y on rth exterior powers is identified with (-, -),ry,. Since perfectness of a
bilinear pairing between finite-dimensional vector spaces of the same dimension is equivalent
to perfectness of the induced bilinear pairing between their top exterior powers, by taking
r = dimp V' we see that the perfectness of the pairing (-,-) for the B-admissible V is
equivalent to perfectness of the pairing associated to the B-admissible 1-dimensional det V.
But the 1-dimensional case is settled, so we are done. [ |

6. DERHAM REPRESENTATIONS

6.1. Basic definitions. Since Byg is (Q,, G )-regular with BdGFf = K, the general formal-
ism of admissible representations provides a good class of p-adic representations: the Bggr-
admissible ones. More precisely, we define the covariant functor Dgg : RepQP(G k) — Veck
valued in the category Vecg of finite-dimensional K-vector spaces by

Dar(V) = (Bar ®q, V),

so dimg Dgr(V) < dimg, V. In case this inequality is an equality we say that V is a
deRham representation (i.e., V is Bgr-admissible). Let Repng(GK) C Repq,(Gk) denote
the full subcategory of deRham representations.

By the general formalism from §5, for V' & Rep(ész (Gk) we have a Bgr-linear G'x-compatible
comparison isomorphism

ay . BdR ®K DdR<V) — BdR ®Qp V
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and the subcategory Rep‘éRp(G k) C Repq,(Gk) is stable under passage to subquotients,
tensor products, and duals (and so also exterior and symmetric powers), and moreover the
functor Dgg : Rep((gZ(G k) — Vecg is faithful and exact and commutes with the formation
of duals and tensor powers (and hence exterior and symmetric powers).

Since duality does not affect whether or not the deRham property holds, working with
Dggr is equivalent to working with the contravariant functor

Djr(V) := Dar(V") ~ Homgq, (¢, (V; Bar);

this alternative functor can be very useful. In general D}y (V) is a finite-dimensional K-
vector space, and its elements correspond to Q,[Gxl-linear maps from V into Bgr. In
particular, for any V' € RepQP(G k) the collection of all such maps spans a finite-dimensional
K-subspace of Bgg, generally called the space of p-adic periods of V' (or of V'V, depending
on one’s point of view). This space of periods for V' is the only piece of Bgg that is relevant
in the formation of D}z (V). As an example, if V' is an irreducible Q,[Gk]-module then any
nonzero map from V' to Byg is injective and so Djig (V) # 0 precisely when V' occurs as a
subrepresentation of Bqgr. In general dimg D’ (V) < dimg, (V'), so an irreducible V' appears
in Bqr with finite multiplicity at most dimq,(V), and this maximal multiplicity is attained
precisely when V' is deRham (as this is equivalent to V¥ being deRham).

Example 6.1.1. For n € Z, Dar(Q,(n)) = Kt™" if we view Q,(n) as Q, with Gk-action by
X". This is 1-dimensional over K, so Q,(n) is deRham for all n.

The output of the functor Dgg has extra K-linear structure (arising from additional struc-
ture on the K-algebra Bggr), namely a K-linear filtration arising from the canonical K-linear
filtration on the fraction field Byr of the complete discrete valuation ring Bj; over K. Be-
fore we explain this in §6.3 and axiomatize the resulting finer target category of Dqgr (as a
subcategory of Vecy), in §6.2 we review some terminology from linear algebra.

6.2. Filtered vector spaces. Let F' be a field, and let Vecp be the category of finite-
dimensional F-vector spaces. In Definition 4.1.1 we defined the notion of a filtered vector
space over F. In the finite-dimensional setting, if (D, {Fil’(D)}) is a filtered vector space
over F' with dimz D < oo then the filtration is exhaustive if and only if Fil'(D) = D for
i < 0 and it is separated if and only if Fil'(D) = 0 for i > 0. We let Filp denote the
category of finite-dimensional filtered vector spaces (D, {Fil'(D)}) over F equipped with an
exhaustive and separated filtration, where a morphism between such objects is a linear map
T : D' — D that is filtration-compatible in the sense that T(Fil'(D’)) C Fil'(D) for all i.

In the category Filp there are good functorial notions of kernel and cokernel of a map
T : D' — D between objects, namely the usual F-linear kernel and cokernel endowed
respectively with the subspace filtration

Fil'(ker T) := ker(T) N Fil'(D') C ker T
and the quotient filtration
Fil'(coker T') := (Fil'(D) + T(D"))/T(D') C coker(T).
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These have the expected universal properties (for linear maps D — D’ killed by 7" and
linear maps D — Dy composing with 7" to give the zero map respectively), but beware that
Filr is not abelian!!

More specifically, it can easily happen that kerT' = cokerT" = 0 (i.e., T' is an F-linear
isomorphism) but 7" is not an isomorphism in Filp. The problem is that the even if 7" is an
isomorphism when viewed in Vecp, the filtration on D may be “finer” than on D’ and so
although T'(Fil' (D)) C Fil'(D)) for all 4, such inclusions may not always be equalities (so
the linear inverse is not a filtration-compatible map). For example, we could take D = D’
as vector spaces and give D’ the trivial filtration Fil'(D’) = D’ for i < 0 and Fil’(D') = 0
for i > 0 whereas we define Fil'(D) = D for i < 4 and Fil’(D) = 0 for i > 4. The identity
map 71" is then such an example. Thus, the forgetful functor Filp — Vecg loses too much
information (though it is a faithful functor).

Despite the absence of a good abelian category structure on Filg, we can still define basic
notions of linear algebra in the filtered setting, as follows.

Definition 6.2.1. For D, D’ € Filp, the tensor product D ® D' has underlying F-vector
space D ®p D’ and filtration
Fil"(D® D') = Y Fil’(D) @y Fil/(D')
p+q=n

that is easily checked to be exhaustive and separated. The unit object F'[0] is F' as a vector
space with Fil'(F[0]) = F for i« <0 and Fil'(#[0]) = 0 for ¢ > 0. (Canonically, D ® F[0] ~
F0]® D ~ D in Filg for all D.)

The dual DV of D € Filp has underlying F-vector space given by the F-linear dual
Homp (D, F), and has the (exhaustive and separated) filtration

Fil'(DY) = (Fil'"" D)* := {¢ € DV | Fil' (D) C ker (}.
The reason we use Fil' /(D) rather than Fil~*(D) is to ensure that F[0]Y = F[0] (check this
identification!).

A short exact sequence in Filg is a diagram
0—-D —-D—D"—0

in Filp that is short exact as vector spaces with D" = ker(D — D”) (i.e., D’ has the subspace
filtration from D) and D" = coker(D — D") (i.e., D" has the quotient filtration from D).
Equivalently, for all ¢ the diagram

(6.2.1) 0 — Fil’(D') — FilY(D) — Fil'(D") — 0
is short exact as vector spaces.

Ezample 6.2.2. It is easy to check that the unit object F'[0] is naturally self-dual in Filg,
and that there is a natural isomorphism DV ® D" ~ (D ® D’)Y in Filp induced by the usual
F-linear isomorphism. Likewise we have the usual double-duality isomorphism D ~ DVV in
Filg, and the evaluation morphism D ® DY — F[0] is clearly a map in Filg.
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Example 6.2.3. There is a natural “shift” operation in Filg: for D € Filp and n € Z, define
DIn] € Filp to have the same underlying F-vector space but Fil'(D[n]) = Fil'™"(D) for all
1€ Z.

It is easy to check that D[n|Y ~ DY|[—n] in Filg in the evident manner, and that the
shifting can be passed through either factor of a tensor product.

Observe that if T': D’ — D is a map in Filp there are two notions of “image” that are
generally distinct in Filgp but have the same underlying space. We define the image of T" to
be T'(D") C D with the subspace filtration from D. We define the coimage of T' to be T'(D')
with the quotient filtration from D’. Equivalently, coimT = D’/kerT with the quotient
filtration and im 7" = ker(D — coker T') with the subspace filtration. There is a canonical
map coimT’ — im 7" in Filg that is a linear bijection, and it is generally not an isomorphism
in Filg.

Definition 6.2.4. A morphism 7" : D’ — D in Filp is strict if the canonical map coim T —
im 7" is an isomorphism, which is to say that the quotient and subspace filtrations on T'(D’)
coincide.

FEzercise 6.2.5. For D, D" € Filp we can naturally endow Hompg(D’, D) with a structure in
Filp (denoted Hom(D', D)). This can be done in two equivalent ways. First of all, the usual
linear isomorphism D ®p D' =~ Homp (D', D) imposes a Filp-structure by using the dual
filtration on D’" and the tensor product filtration on D @ D'”. However, this is too ad hoc
to be useful, so the usefulness rests on the ability to describe this filtration in more direct
terms in the language of Hom’s: prove that this ad hoc definition yields

Fil'(Homp (D', D)) = {T € Homp(D', D) | T(Fi’(D’)) C Fi’*(D) for all j}.

In other words, Fil'(Homg (D', D)) = Homgy,. (D', D[i]) for all i € Z. (Hint: Compute using
bases of D and D" adapted to the filtrations on these spaces.)

There is a natural functor gr = gr® : Filp — Grp s to the category of finite-dimensional
graded F-vector spaces via gr(D) = @;Fil'(D)/Fil'™" (D). This functor is dimension-
preserving, and it is exact in the sense that if carries short exact sequences in Filg (see
Definition 6.2.1, especially (6.2.1)) to short exact sequences in Grpy. By choosing bases
compatible with filtrations we see that the functor gr is compatible with tensor products in
the sense that there is a natural isomorphism

gr(D) @ gr(D') ~ gr(D ®@ D)

in Grps for any D, D’ € Filp, using the tensor product grading on the left side and the
tensor product filtration on D ® D’ on the right side.

6.3. Filtration on Dyg. For V € Repq, (Gk), the K-vector space Dgr (V) = (Bgr®V 9% €
Veck has a natural structure of object in Filg: since Byr has an exhaustive and separated
G g-stable K-linear filtration via Fil'(Bgg) = t' By, we get an evident K-linear Gx-stable
filtration {Fil'(Bar) ®q, V} on Bar ®q, V, so this induces an exhaustive and separated
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filtration on the finite-dimensional K-subspace Dgr(V') of Gk-invariant elements. Explicitly,
Fil'(Dan(V)) = (£ Bl ©q, V).

The finite-dimensionality of Dygr(V) is what ensures that this filtration fills up all of Dgqgr (V)
for sufficiently negative filtration degrees and vanishes for sufficiently positive filtration de-
grees.

Example 6.3.1. For n € Z, Dgr(Qp(n)) is 1-dimensional with its unique filtration jump in
degree —n (i.e., gr~" is nonzero).

Proposition 6.3.2. If V is deRham then V is Hodge-Tate and gr(Dar(V)) = Dur(V) as
graded K -vector spaces. In general there is an injection gr(Dar(V)) < Dur(V) and it is an
equality of Cx-vector spaces when V' is deRham.

The inclusion in the proposition can be an equality in some cases with V' not deRham,
such as when Dy (V) =0 and V # 0.

Proof. By left exactness of the formation of Gx-invariants, we get a natural K-linear injection
gr(Dar(V)) — Dur(V)

for all V € Repr(GK) because gr(Bgr) = Bpr as graded Cg-algebras with G g-action.
Thus,

for all V. In the deRham case the outer terms are equal, so the inequalities are all equalities.
[ |

In the spirit of the Hodge-Tate case, we say that the Hodge-Tate weights of a deRham
representation V' are those i for which the filtration on Dgg(V) “jumps” from degree i to
degree i+ 1, which is to say gr'(Dqr(V)) # 0. This says exactly that the graded vector space
gr(Dgr(V)) = Dyr(V') has a nonzero term in degree ¢, which is the old notion of Cx ®q, V'
having ¢ as a Hodge-Tate weight. The multiplicity of such an ¢ as a Hodge-Tate weight is
the K-dimension of the filtration jump, which is to say dimg gré(Dgr(V)).

Since Dgr(Qp(n)) is a line with nontrivial gr™", we have that Q,(n) has Hodge Tate
weight —n (with multiplicity 1). Thus, sometimes it is more convenient to define Hodge—
Tate weights using the same filtration condition (gr’ # 0) applied to the contravariant functor
Dir(V) = Dar(V") = Homq,[c,](V, Bar) so as to negate things (so that Q,(n) acquires
Hodge—Tate weight n instead).

The general formalism of §5 tells us that Dyr on the full subcategory Rep%R(G k) is exact
and respects tensor products and duals when viewed with values in Vecg, but it is a stronger
property to ask if the same is true as a functor valued in Filx. For example, it is clear that
when Dgr on Rep%Rp(G k) is viewed with values in Filg then it is a faithful functor, since the
forgetful functor Filxy — Vecy is faithful and Dgyg is faithful when valued in Vecx. However,
it is less mechanical to check if the general isomorphism

DdR(V/) ®K DdR(V) ~ DdR<V/ ®Qp V)
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in Veck for deRham representations V' and V"’ is actually an isomorphism in Filx (using the
tensor product filtration on the left side). Fortunately, such good behavior of isomorphisms
relative to filtrations does hold:

Proposition 6.3.3. The faithful functor Dgr : Rep?QRp(GK) — Filg carries short exact
sequences to short exact sequences and is compatible with the formation of tensor products
and duals. In particular, if V' is a deRham representation and

0—-V -V V"= 0

is a short ezact sequence in Repq (Gk) (so V' and V" are deRham) then Dar(V') € Dar (V')

has the subspace filtration and the linear quotient Dar(V") of Dar(V') has the quotient fil-
tration.

Once this proposition is proved, it follows that Dgr with its filtration structure is com-
patible with the formation of exterior and symmetric powers (endowed with their natural
quotient filtrations as operations on Fily).

Proof. For any short exact sequence

(6.3.1) 0>V -V -V"-0
in Repq, (Gk) the sequence
(6.3.2) 0 — Fil'(Dgr (V")) — Fil'(Dgr(V)) — Fil'(Dgr (V"))

is always left-exact, but surjectivity may fail on the right. However, when V' is deRham all
terms in (6.3.1) are Hodge-Tate and so the functor Dyt applied to (6.3.1) yields an exact
sequence. Passing to separate graded degrees gives that the sequence of gri(Dyr(+))’s is
short exact, but this is the same as the gr'(Dgr(-))’s since V', V, and V" are deRham (by
Theorem 5.2.1(2)). Hence, adding up dimensions of gr’’s for j < i gives

dimg Fil'(Dar(V)) = dimg Fil'(Dar(V")) + dimg Fil'(Dar (V"))
so the left-exact sequence (6.3.2) is also right-exact in the deRham case. This settles the

exactness properties for the Filg-valued Dygr, as well as the subspace and quotient filtration
claims.

Now consider the claims concerning the behavior of Dgg with respect to tensor product
and dual filtrations. By the general formalism of §5 we have K-linear isomorphisms

DdR(V) ®K DdR(V,) ~ DdR(V ®Qp V,), DdR(V)V ~ DdR(V\/)
for V,V' € Repng(G k). The second of these isomorphisms is induced by the mapping
Dar (V) ®@x Dar(V") = Dar(V ®q, V) = Dar(Q,) = K10],

and so if the tensor-compatibility is settled then at least the duality comparison isomorphism
in Vecg is a morphism in Filk.

The construction of the tensor comparison isomorphism for the Vecg-valued Dgr rests
on the multiplicative structure of Bggr, so since Bgg is a filtered ring it is immediate that
the tensor comparison isomorphism in Vecg for Dggr is at least a morphism in Filg. In
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view of the finite-dimensionality and the exhaustiveness and separatedness of the filtrations,
this morphism in Filg that is known to be an isomorphism in Veck is an isomorphism in
Filg precisely when the induced map on associated graded spaces is an isomorphism. But
gr(Dgr) = Dpr on deRham representations and gr : Filgx — Grg s is compatible with the
formation of tensor products, so our problem is reduced to the Hodge—Tate tensor comparison
isomorphism being an isomorphism in Grg ; (and not just in Veck). But this final assertion
is part of Theorem 2.3.9. The same mechanism works for the case of dualities. [ |

The following corollary is very useful, and is often invoked without comment.

Corollary 6.3.4. For V' € Repq (Gk) and n € Z, V is deRham if and only if V(n) is
deRham.

Proof. By Example 6.3.1, this follows from the tensor compatibility in Proposition 6.3.3 and
the isomorphism V ~ (V(n))(—n). |

Ezxample 6.3.5. We now give an example of a Hodge—Tate representation that is not deRham.
Consider a non-split short exact sequence

(6.3.3) 0-Q =V —=Qyl)—0

in Repq, (Gk). The existence of such a non-split extension amounts to the non-vanishing of

H. .« (Gr,Qp(—1)), and at least when £ is finite such non-vanishing is a consequence of the
Euler characteristic formula for H'’s in the Q,-version of Tate local duality.

We now show that any such extension V' is Hodge-Tate. Applying Cx ®q, (-) to (6.3.3)
gives an extension of C(1) by Ck in Repg, (Gk), and Hl, (Gx, Cx(—1)) = 0 by the
Tate-Sen theorem. Thus, our extension structure on Cx ®q, V' is split in Repg, (Gk), so
implies Cx ®q, V ~ Cg & Ck(—1) in Repg, (Gk). The Hodge Tate property for V is

therefore clear. However, we claim that such a non-split extension V' is never deRham!

There is no known elementary proof of this fact. The only known proof rests on very deep
results, namely that deRham representations must be potentially semistable in the sense of
being Bst x-admissible after restriction to G for a suitable finite extension K’/K inside of
K, where B k' € Byr,x» = Bar,k is Fontaine’s semistable period ring. It is an important
fact that the category of By x/-admissble p-adic representations of G'x» admits a fully faithful
functor D g into a concrete abelian semilinear algebra category (of weakly admissible
filtered (¢, N)-modules over K’), and that the Ext-group for Dy /(Q,(1)) by Dst 1 (Q,) in
this abelian category can be shown to vanish via an easy calculation in linear algebra. By
full faithfulness of Dy g+, this would force the original extension structure (6.3.3) on V to
be Q,[Gr]-linearly split. But the restriction map H'(Gg, Q,(—1)) — H' (Gxr, Q,(—1)) is
injective due to [K’ : K| being a unit in the coefficient ring Q,, so the original extension
structure (6.3.3) on V' in Repq (Gk) would then have to split, contrary to how V' was chosen.

Ezample 6.3.6. To compensate for the incomplete justification (at the present time) of the
preceding example, we now prove that for any extension structure

(6.3.4) 0—-Q,(1)—-V—-Q,—0
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the representation V' is always deRham. First we make a side remark that will not be used.
If £ is finite then by Kummer theory the space of such extension structures has Q,-dimension
1+ [K : Q,l, and a calculation with weakly admissible filtered (¢, N)-modules shows that
there is only a 1-dimensional space of such extensions for which V' is semistable (i.e., B~
admissible), namely those V’s that arise from “Tate curves” over K. Hence, these examples
exhibit the difference between the deRham property and the much finer admissibility prop-
erty with respect to the finer period ring By C Byr.

The deRham property for such V' is the statement that dimg Dgr (V') = 2. We have a left
exact sequence

0 — Dar(Qy(1)) = Dar(V) — Dar(Qy)

in Filx with Dar(Q,(1)) and Dgr(Q,) each 1-dimensional over K with nonzero gr—* and gr’
respectively. Hence, our problem is to prove surjectivity on the right, for which it is necessary
and sufficient to have surjectivity with Fil”’s, which is to say that we need to prove that the
natural map (Bjg ®q, V)% — (Bjg)¢* = K is surjective.

Applying BJ; ®q, () to the initial short exact sequence (6.3.4) gives a G x-equivariant short
exact sequence of finite free Bjz-modules, so it admits a Bjy-linear splitting. The problem is
to give such a splitting that is G g-equivariant, and the obstruction is a continuous 1-cocycle
on Gk valued in the topological module ¢ Bj; endowed with its subspace topology from Bjy;
see Exercise 4.4.7. Hence, it suffices to prove H!  (Gk,tBjz) = 0. Since ¢ is a unit multiple
of ¢ = &; as in Exercise 4.4.7, it follows from that exercise that the multiplication map
t : Bjz — Bii is a closed embedding. Hence, the subspace topology on ¢tBi; coincides with
its topology as a free module of rank 1 over the topological ring Bj. Likewise, the subspace
topology on t"Bj; from Bi; for any n > 1 coincides with its topology as a free module of

rank 1, so the G g-equivariant exact sequence
0— t""'Bj, = t"Bjz — Ck(n) — 0

is topologically exact for n > 1. Since H! ,(Gx,Ck(n)) = 0 for all n > 1 by the Tate-
Sen theorem, we can use a successive approximation argument with continuous 1-cocycles
and the topological identification ¢tBjy = lim ¢ By /t" By to deduce that H{ (G, tBg) =
0. (Concretely, by successive approximation we exhibit each continuous 1-cocycle as a 1-

coboundary.)

An important refinement of Proposition 6.3.3 is that the deRham comparison isomorphism
is also filtration-compatible:

Proposition 6.3.7. For V € Rep%Rp(GK), the G g-equivariant Bggr-linear comparison iso-
morphism

(67N BdR ®K DdR(V> ~ BdR ®Qp V
respects the filtrations and its inverse does too.

Proof. By construction it is clear that « is filtration-compatible, so the problem is to prove
that its inverse is as well. It is equivalent to show that the induced Bpr-linear map gr(c«)
on associated graded objects is an isomorphism. On the right side the associated graded
object is naturally identified with Byt ®q, V. For the left side, we first recall that (by a
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calculation with filtration-adapted bases) the formation of the associated graded space of
an arbitrary filtered K-vector space (of possibly infinite dimension) is naturally compatible
with the formation of tensor products (in the graded and filtered senses), so the associated
graded object for the left side is naturally identified with Byt ® gr(Dgr(V)).

By Proposition 6.3.2, the deRham representation V' is Hodge—Tate and there is a natural
graded isomorphism gr(Dgr(V)) =~ Dpr(V). In this manner, gr(a) is naturally identified
with the graded comparison morphism

amr : Bar ®x Dut(V) — Bur ®q, V
that is a graded isomorphism because V' is HodgeTate. |

Recall that the construction of Bj; as a topological ring with Gx-action only depends
on O¢, endowed with its Gk-action. Thus, replacing K with a discretely-valued complete
subfield K’ C Ck has no effect on the construction (aside from replacing Gk with the closed
subgroup G within the isometric automorphism group of Cg). It therefore makes sense
to ask if the property of V' € Repgq, (Gk) being deRham is insensitive to replacing K with
such a K| in the sense that this problem involves the same period ring Bqr throughout (but
with action by various subgroups of the initial G).

For accuracy, we now write Dyr,x (V') := (Bar ®q, V)¢ so for a discretely-valued com-
plete extension K'/K inside of Cx we have Dyr x/(V) = (Bar ®q, V)x'. There is an
evident map

K' @k Dar (V) = Dar (V)
in Filgs for all V' € Repq, (Gk) via the canonical compatible embeddings of K and K’ into

the same BJ; (determined by the embedding of W (k)[1/p] into Bj; and considerations with
Hensel’'s Lemma and the residue field Cg).

Proposition 6.3.8. For any complete discretely-valued extension K'/K inside of Cx and
any V € Repr(GK), the natural map K' @ Dar (V) — Dar. i (V') is an isomorphism in
Filg:. In particular, V is deRham as a G g-representation if and only if V' is deRham as a
G -representation.

As special cases, the deRham property for G can be checked on Ix = G and it is
insensitive to replacing K with a finite extension inside of Cg.

—
Kun

Proof. The fields K" and K have the same residue field k, so by finiteness of the absolute

ramification we see that the resulting extension K s K7 of completed maximal unram-
ified extensions is of finite degree./\Hence, it suffices to separately treat two special cases:
K'/K of finite degree and K’ = K. In the case of finite-degree extensions a transitivity
argument easily reduces us to the case when K’/K is finite Galois. It is clear from the
definitions that for all i € Z, the finite-dimensional K’-vector space Fil'(Dgr x/(V)) has a
natural semilinear action by Gal(K’/K) whose K-subspace of invariants is Fil'(Dgr (V).
Thus, classical Galois descent for vector spaces as in (2.3.3) (applied to K'/K) gives the
desired isomorphism result in Filg in this case.
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To adapt this argument to work in the case K' = I/(al, we wish to apply the “com-
pleted unramified descent” argument for vector spaces as in the proof of Theorem 2.3.5.
It is clear from the definitions that for all ¢ € Z, the finite-dimensional K’-vector space
Fil'(Dgr (V) has a natural semilinear action by G /Ix = G} and the K-subspace of
invariants is Fil'(Dgr r(V)). Hence, to apply the completed unramified descent result we
just have to check that the Gy-action on each Fil’(Dgg x/(V)) is continuous for the natural
topology on this finite-dimensional K’-vector space. More generally, consider the G g-action
on t'Bix ®q, V. We view this as a free module of finite rank over the topological ring
Bi; (using the topology from Exercise 4.4.7). It suffices to prove two things: (i) the Gk-
action on "B, ®q, V relative to the finite free module topology is continuous, and (ii) any
finite-dimensional K’-subspace of ¢' Bip ®q, V inherits as its subspace topology the natural
topology as such a finite-dimensional vector space (over the p-adic field K’). Note that for
the proof of (ii) we may rename K’ as K since this does not affect the formation of Bjg, so
it suffices for both claims to consider a common but arbitrary p-adic field K.

For (i), we can use multiplication by ¢ ¢ and replacement of V by V (i) to reduce to checking
continuity of the Gx-action on Bjy ®q, V for any V € Repq, (Gk). Continuity of the G-
action on V and on Bj then easily gives the continuity of the Gx-action on By ®q, V by
computing relative to a Q,-basis of V. To prove (ii) with K’ = K, we may again replace V'
with V(i) to reduce to the case i = 0. It is harmless to replace the given finite-dimensional
K-subspace of Bjp ®q, V with a larger one, so by considering elementary tensor expansions
relative to a choice of Q,-basis of V' we reduce to the case when the given finite-dimensional
K-vector space has the form W ®q, V' for a finite-dimensional K-subspace of Bj;. We may
therefore immediately reduce to showing that if W C BJR is a finite-dimensional K-subspace
then its subspace topology from By is its natural topology as a finite-dimensional K-vector
space.

Pick a K-basis {wy,...,w,} of W, so w; = u;t% with e; > 0 and u; a unit in BJ;. Since
B is a topological K-algebra (see Exercise 4.4.7) and it is Hausdorff with a countable base
of opens around the origin, the subspace topology on W is a Hausdorff topological vector
space structure with a countable base of opens around the origin. Hence, the problem is just
to show that if z,, = Y a;,w; is a sequence in W tending to 0 for the subspace topology as
m — oo then a;,, — 0 in K for each j. By working in the successive topological quotients
t'Bip /t7 ' Bi; for 0 < i < max{ey,...,e,} (with each t'Bj; given its subspace topology
from Bj;) we reduce to solving the analogous problem for finite-dimensional subspaces of
each such quotient space. In Exercise 6.3.6 we saw that multiplication by ¢ topologically
identifies the subspace topology on ¢ Bi; with its topology as a free module of rank 1. Hence,
t'Biz /t7 B ~ Ck (i) topologically for all i > 0.

Our topological problem is now reduced to the classical setting of finite-dimensional K-
subspaces W of Cg (since the Tate twist has no effect on the topological aspects of the
problem), as follows. The open subset L = W N Og,. in W is an Ox-submodule of W that
contains a K-basis of W and has no infinitely p-divisible elements. The injective hull of k as
an Ox-module is K/O, so by the duality properties of injective hulls over local noetherian
rings as in pages 146-149 of Matsumura’s Commutative Ring Theory (or some alternative
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elementary argument?) it follows that L is finitely generated over the complete discrete
valuation ring 0. The problem is to show that L has its &x-module topology (i.e., p-adic
topology) as its subspace topology from the p-adic topology of O¢,..

Let L, = LNp"Oc,., so clearly L/L,, has finite length (it is killed by p™ since L C O¢,,)
and NL, = 0. It is a classical (elementary but non-obvious) result of Chevalley that for any
finite module M over any complete local noetherian ring (A, m) whatsoever, if {M;};>; is
a descending sequence of submodules such that each M/M; has finite length and NM; = 0,
then the M,’s define the module topology of M (i.e., each M; contains m’®) M for sufficiently
large j(7)); presumably this fact admits a short easy proof in the relevant case that A is a
complete discrete valuation ring. (Chevalley’s result is Exercise 8.7 in Matsumura’s book
for M = A, with a solution in the back of the book that easily adapts to handle general
M) Chevalley’s result ensures that the subspace topology on L has no additional open sets
beyond those from the finite &x-module topology. [ |

FExample 6.3.9. In the 1-dimensional case, the Hodge—Tate and deRham properties are equiv-
alent. Indeed, we have seen in general that deRham representations are always Hodge-Tate
(in any dimension), and for the converse suppose that V' is a 1-dimensional Hodge—Tate
representation. Thus, it has some Hodge-Tate weight i, so if we replace V' with V(—1i) (as
we may without loss of generality since every Q,(n) is deRham) we may reduce to the case
when the continuous character ¢ : G — Z; of V' is Hodge-Tate with Hodge-Tate weight 0.
Hence, Ck (¢)“% # 0, so by the Tate-Sen theorem v (1) is finite. By choosing a sufficiently
ramified finite extension K’/K we can thereby arrange that ¢(Ix) = 1. Since the deRham

property is insensitive to replacing K with K™, we thereby reduce to the case of the trivial
character, which is deRham.

The same argument shows that any finite-dimensional p-adic representation W of G with
open kernel on I is deRham with 0 as the only Hodge-Tate weight, and that Dqr(W) is
then a direct sum of copies of the unit object K[0] in Filg.
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